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(i) 


ABSTRACT 


Following  Schoenberg  let  =  (e  ) 


( i  1 )  i  •  • >  k  j 


j =0 , 1 , . . . , n- 1 ) ,  £  =  0  or  1 


/£.  .  =  n  be  the  incidence 

L  ij 


matrix  of  an  interpolation  problem  of  finding  a  polynomial 


P  (x)  of  degree  <  n-1  with  prescribed  values  at 


given 


real  nodes  x_  <  ...  <  x.  where  £ . .  =  1  or  0  according  as 

1  k  ij 

p^^(x^)  is  prescribed  or  not.  The  interpolation  problem 

Ic 

(equivalently  En)  is  said  to  be  real  poised  (order  poised) 

if  it  has  a  unique  solution  for  every  choice  of  real  distinct 

nodes  x..  ,  .  .  .  ,  x. 

1  k 

In  Chapter  I  we  introduce  the  (p,L)  series  for 
a  given  positive  integer  p  >  2  as  a  generalization  of 
Lidstone  series  by  iterating  the  poised  matrix 


E2  = 
P 


1  1 
1  0 


1  0 
0  0 


We  show  that  if  A 


is  the  smallest 


positive  zero  of  the  generalized  sine  function  of  order  p 

((2.8),  p.  18)  and  if  f(z)  is  an  entire  function  of 

exponential  type  <  A^  then  f(z)  has  a  (p,L)  series 

representation  for  all  z  .  This  leads  naturally  to  the 

study  of  W  -convex  and  minimal  W  -convex  functions  which 
P  P 

generalize  the  results  of  Widder  on  completely  convex 

functions.  Indeed,  we  show  that  f (x)  can  be  represented 

by  an  absolutely  convergent  (p,L)  series  if  and  only  if 

it  can  be  expressed  as  the  difference  of  two  minimal 

W  -convex  functions. 

P 

Chapter  II  deals  with  a  three-point  expansion 
* 

called  (p,L  )  series  obtained  by  iterating  the  poised 


II 


(ii) 


3 

(1 

0 

...  0 

°\ 

matrix  E  = 

0 

1 

...  1 

0 

9 

P 

even  . 

Some  results 

P 

ll 

0 

...  0 

0  I 

analogous  to  those  of  Chapter  I  are  obtained  and  the  class 
& 

of  W  -convex  functions  is  defined.  However,  in  this  case, 

P 

the  complete  analogy  to  the  results  of  Widder  is  lacking. 

In  Chapter  III,  we  obtain  the  explicit  form  of 

the  polynomial  of  (0,n-l,n)  interpolation  for  n  given 

real  nodes.  Finally,  we  give  some  results  on  mean  square 

convergence  of  the  polynomials  of  (0,n-l,n)  interpolation 
t  h 

on  n  roots  of  unity  when  f  is  a  given  analytic 
function  in  Izl  <1  and  continuous  on  \z\  <1  . 
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A  HISTORICAL  SURVEY 


1.  Introduction .  A  problem  of  fundamental  interest  in 

classical  analysis  is  to  study  the  representation  of  an 

analytic  function  as  the  sum  of  a  sequence  of  given  functions 

{P  (z)}  .  The  school  of  J.  M.  Whittaker  [34]  considers  the 

n 

problem  from  a  very  general  point  of  view,  leading  to  the 
theory  of  "basic"  series.  Boas  and  Buck  [7]  point  out  the 
limitations  of  the  theory  of  basic  series  in  their  monograph 
and  discuss  the  expansion  of  analytic  functions  in  series  of 
polynomials  defined  by  some  generating  relation.  In  general, 
int erpola tory  conditions  can  be  translated  into  some  suitable 
generating  relation  and,  conversely,  a  generating  relation 
can  be  interpreted  in  terms  of  some  interpolatory  conditions. 

If  we  denote  the  set  of  interpolatory  conditions  by 

(an) 

L  (f)  =  f  (a  )  (n  =  1,2,...)  for  some  prescribed  numbers 

n  n 

a^  and  nonnegative  integers  ,  then  the  interpolatory 

polynomials  (or  functions)  are  defined  in  such  a  way  that 

L  (P  )  =  6  ,  where  6  is  the  Kronecker  delta.  Then, 

m  n  m ,  n  m ,  n 

for  any  entire  function,  we  may  write  a  formal  expansion 

OO 

(1)  f(z)  =  l  L  (f)  P  (z) 

n  =  0 

and  consider  the  following  three  problems  of  interpolation, 
as  formulated  by  Evgrafov  ([13],  p.  251): 


. 
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1.  The  problem  of  finding  the  class  of  functions  for  which 
the  formal  interpolation  series  (1)  converges  to  f(z)  . 

2.  The  problem  of  finding  a  larger  class  of  functions  for 
which  it  is  possible  to  construct  uniquely  the  function 
f(z)  from  the  given  L^Cf)  .  This,  of  course,  includes 
the  problem  of  defining  methods  to  produce  this 

cons  t rue  t ion . 

3.  The  problem  of  finding  the  general  form  of  functions  for 

which  L  (f)  has  prescribed  values  (e.g.,  all  L  (f) 
n  n 

are  equal  to  zero). 

Such  interpolation  series  can  provide  a  means  of 
penetration  into  various  properties  of  entire  functions  as 
was  brought  out  in  a  long  survey  article  by  Evgrafov.  There, 
he  has  solved  a  problem  first  posed  in  1937  on  Abel-Gont char of f 

interpolation  where  L  (f)  =  f^n^(A  )  with  A  =  n^^  .  The 

n  n  n 

methods  devised  by  Evgrafov  for  solution  of  this  problem  have 
much  wider  significance  than  merely  the  question  of 
interpolation . 

A.  0.  Gel'fond  and  A.  I.  Markusevic  brought  out  the 
intimate  connection  between  the  problem  of  convergence  of 
interpolation  series,  the  problem  of  whether  or  not  a  given 
system  of  functions  is  complete  and  whether  or  not  it  forms 
a  basis  in  some  space  of  analytic  functions.  For  an 
extensive  bibliography  of  the  Russian  contributions  in  this 
area,  see  Evgrafov  [13] . 
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2.  Poised  Problems  o f  Polynomial  Interpolation .  Following 
Schoenberg  [24] ,  we  shall  use  an  incidence  matrix  =  (£_^_.) 

(i  =  1,2,.  ..,k;  j  =  0,l,...,n-l)  ,  £_  =  0  or  1  and 

£  £  .  .  =  n  to  describe  the  interpolation  problem  of  finding 

i,  j  1J 

a  polynomial  of  degree  <  n-1  with  prescribed  values  and 


derivatives  at  k  given  points.  Also,  £  ^  =  1  (or  0) 

according  as  there  is  (or  is  not)  a  prescribed  derivative  of 

.  th 


order 


at  the  i 


node.  Thus  Lidstone  interpolation  is 


described  by  the  matrix 


1  0 
1  0 


and  Abel-Gont charof f  interpo¬ 


lation  by 


1  0  o' 
0  10 
0  0  1 


and  so  on.  We  use  the  convention  that 

k 


no  row  is  composed  entirely  of  zeros.  If  m 


1  e. 


i  =  1 


IP 


and 


M  =  )  m  .  , 

p  j-0  J 


p  =  0,l,...,n-l  ,  M  ..  =  n  ,  then  E  is 

r  ’n-1  n 


said  to  have  Polya  property  if  >  p+1  ,  for  all  p  , 

and  is  said  to  have  s  t r ong  Polya  property  if  >  p+1  , 


for  all 


An  interpolation  problem  is  said  to  be  poised 


(or  real  poised,  or  n-poised)  if  the  problem  is  uniquely 

(j) 


solvable  for  given  members  y 


for  all  choices  of  real  and 


distinct  nodes  x^  <  x^  <  •••  <  •  Thus,  Lagrange,  Hermite, 

Lidstone  interpolation  with  its  generalizations  by  Poritsky 
[21],  and  Abel-Gontcharof f  interpolation  (see  e.g.  [34])  are 
all  similar  in  a  sense,  since  they  are  all  poised  problems 


of  interpolation. 


t  8  J  3  V 
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Polya  showed  that  a  necessary  and  sufficient 
condition  for  a  two-point  interpolation  problem  to  be 
poised  is  that  >  p+1  ,  p  =  0,l,...,n-l  .  For  the 

k-point  interpolation  problem  (k  >  2),  simple  necessary  and 
sufficient  conditions  are  unknown.  Sufficient  conditions 
have  recently  been  given  by  Atkinson  and  Sharma  [1] ,  and 
Sharma  and  Prasad  [27],  but  Lorentz  and  Zeller  (in  a  paper  to 
be  published)  use  a  simple  example  to  show  that  these 
conditions  are  not  necessary. 

3.  Non- poised  P r ob 1 ems  o f  P o lynomia 1  Interpolation. 

* 

J.  Suranyi  and  P.  Turan  were  the  first  to  undertake  a  study 
of  non-poised  interpolation  problems  in  their  paper  on 
(0,2)  interpolation.  This  notation  is  used  to  indicate 
that  the  values  of  the  function  and  its  second  derivatives 
are  prescribed  at  some  n  given  points.  They  showed  that 

ry  ^ 

if  the  n  nodes  are  the  zeros  of  (1-x  )  P  ..  (x)  ,  where 

n- 1 

P^  ^(x)  is  the  Legendre  polynomial  of  degree  n-1  ,  then, 

for  n  even,  the  polynomials  of  (0,2)  interpolation  exist 
and  are  unique;  however,  this  is  not  so  for  n  odd. 

However,  it  does  not  appear  to  be  a  simple  problem, 
to  find  the  explicit  forms  for  the  interpola tory  polynomials 
even  if  we  know  that  the  interpolation  problem  is  uniquely 
solvable  (or  poised)  for  any  given  real  nodes.  Thus,  it 
follows  from  the  result  of  Atkinson  and  Sharma  [1] ,  that 


,  :  .  . . .  ti,o  ,  i+q  -  q  ***»  3i  b^Lo* 
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(0,2,3)  interpolation  is  poised,  but  the  formulae  for  these 
polynomials  with  n  given  nodes  are  unknown. 


4.  Interpolation  by  Entire  Functions .  If  there  are  infinitely 
many  prescribed  int erpola t ory  conditions,  we  may  consider  the 
problem  from  the  point  of  view  of  an  infinite  system  of  linear 
equations  in  infinitely  many  unknowns.  Guichard  (see  Davis 
[12] ,  p.  96)  showed  that  it  is  possible  to  find  an  entire 
function  f  satisfying  infinitely  many  interpolation 
conditions  on  f  of  the  form 


(a  )  ,  . 

f  (z  )  =  a  (n  =  1,2,...)  ,  provided  im  z  =  00  . 

n  n  *  *  *  n-^°°  n 

[19]  showed  that  no  entire  function  may  exist  satisfying 


Polya 


infinitely  many  interpolatory  conditions,  if  the  sequence  of 
interpolation  points  is  bounded.  However,  Vermes  [30]  has 
determined  some  sufficient  conditions  for  the  existence  of  an 
entire  function  satisfying  infinitely  many  interpolatory 
conditions  on  two  nodes.  On  the  other  hand,  if  the  interpo¬ 


lation  conditions  are  periodic  with  period 


(see  Polya  [19]), 


then  the  interpolation  problem  has  a  unique  solution,  provided 


the  first 


tion  problem. 


prescribed  conditions  yield  a  poised  interpola- 


Much  of  the  present  work  was  motivated  by  the  results 
of  Polya  [19]  and  Schoenberg  [24]  on  Hermi te-Birkhof f  interpo¬ 
lation  along  with  some  of  its  recent  extensions  ([1],  [27]). 

Sharma  and  Prasad  [27]  have  shown  that  if  two  interpolation 


problems  defined  by  incidence  matrices 


F^  and  are 

P  r 


. 

.  nwoi  A 11J.  i  S  BSOO.1  H9V, 


issnlX  5o  B$Jrva  93lnX5ni  ns  lo  wsiv  .icioq  srfj  noli  mdldo'iq 

bsb  vo’iq 


6 


poised,  then  the  "sum"  of  these  matrices  (n  =  p+r)  also 

defines  a  poised  interpolation  problem.  Thus  it  is  possible 
to  consider  an  infinite  interpolation  problem  with  periodic 
interpolatory  conditions  from  another  point  of  view.  Here  we 
begin  with  a  matrix  defining  a  poised  interpolation 

problem  and  consider  the  infinite  periodic  interpolation 

1c 

problem  produced  by  successively  iterating  the  matrix  E^  . 

It  is  clear  that  in  this  way  the  interpolatory  conditions 
will  be  periodic  of  period  n  .  Also,  Schoenberg  [25]  has 
considered  the  infinite  interpolation  problem  defined  by 


E 


(10  10  1 
1  0  0  0  0 
[l  0  1  0  1 


with  nodes  -1,  0  and  1  ,  which  is 


an  analogue  of  Lidstone ' s  two-point  expansion,  but  no  longer 
has  periodic  interpolatory  conditions.  The  expansion 
formula  obtained  in  this  case  is 


OO  00 

f ( x )  =  f(0)A  (x)  +  l  f(2n) (l)B(x)  +  l  f(2n)(-l)B(-x)  , 

u  n  =  0  n=0 


where  A^(x)  ,  B^(x)  (n  =  0,1,...)  are  entire  functions 


TT 


of  exponential  type  —  .  There  are  several  open  questions 
concerning  such  an  expansion.  For  example,  does  the 
expansion  converge  to  the  function  for  all  entire  functions 
f(x)  of  exponential  type  <  TT  ?  The  example  f(x)  =  sin  ttx 
shows  that  the  bound  cannot  be  larger  than  tt  .  A  three- 
point  interpolation  problem  analogous  to  that  of 
Schoenberg  [25]  can  be  obtained  by  considering  the  matrix 


* 

E 


jl  1  .  .  1  0  1  1 

1  0  .  .  0  0  0  0 

\1  0  .  .  0  0  10 


1  0 

0  0 

0  0 

_ • 


p  columns  p  columns 


\d  b  > f  ''-£jb  msldotq  i  isiloqio  ni  sainilnti:  b  ;3bienoo 


ddbo  .  rliJtw 


X  0  I  0  1 


el  3  d  8xri-  s.i  hoaxed  do  aluiaooJ 


e  ”d  L  1  ; Toqxa  o 


7 


5.  Absolutely  and  Completely  Mono  tonic  Func  t ions . 

S.  Bernstein  [2]  introduced  the  term  absolutely  mono  tonic 

to  describe  functions  which  are  nonnegative  on  some  interval 
a  <  x  <  b  and  have  nonnegative  derivatives  of  all  orders  on 
that  interval.  For  example,  e  is  absolutely  monotonic  on 
any  interval.  He  showed  that  functions  absolutely  monotonic 

for  -00  <  x  <  0  are  necessarily  analytic  and  have  the 

00 


representation  f(x) 


/  ext  da(t)  <  00  ,  (a(t)l 
0 


-oo  <  x  < 


0)  . 


Widder  [36]  obtained  this  representation  independently  without 
knowledge  of  Bernstein’s  result.  Bernstein  also  proved  the 
following : 


Th e o r em  (Bernstein,  [2]).  A  necessary  and  sufficient 
condition  that  i t  should  b  e  possible  t  o  expand  the  func  t i on 
f(x)  in  a.  series  o f  powers  o f  (x-a)  convergent  for 
a  <  x  <  b  is_  that  f(x)  should  b  e  the  difference  o  f  two 
func  t  i  ons  absolutely  mono  tonic  in  a  x  <  b  . 

Since  the  Taylor  series  expansion  of  a  function 
can  be  considered  as  a  one-point  interpolation  problem,  the 
above  theorem  provides  the  motivation  for  the  study  of  the 
relationship  between  an  infinite  interpolation  problem  and 
a  particular  class  of  functions  with  derivatives  of  all  orders 
on  an  interval.  Later,  Widder  [38]  showed  the  connection 
between  Lidstone  interpolation  and  the  class  of  completely 


convex  functions  of  §6. 
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A  function  f (x)  is  said  to  be  completely  mono  tonic 
for  a  <  x  <  b  if  f (-x)  is  absolutely  monotonic  for 

-b  <  x  <  -a  .  Functions  completely  monotonic  for  0  <  x  <  00 

00 

0  “  X  t 

have  the  representation  f(z)  =  J  e  da(t)  <  00  , 

0 

(a(t)f  ,  0  <  x  <  00 )  .  Additional  results  on  absolutely  and 

completely  monotonic  functions,  along  with  the  results  mentioned 
here,  are  given  in  [39]  (Chapter  IV). 

6.  Regularly  Mono  tonic  F  unc  t i ons ,  Comp  let  ely  Convex  F  un  c  t i ons 

and  their  Generalizations .  Bernstein  [3]  also  considered 
the  class  of  regularly  monotonic  functions;  i.e.,  functions 
each  of  whose  derivatives  are  of  constant  sign  in  an  interval. 

He  classified  these  functions  in  terms  of  ''typical"  numbers 
X^y  X^y  ...  indicating  the  number  of  successive  derivatives 

maintaining  the  same  constant  sign.  In  this  way,  the 
derivatives  are  put  into  "blocks"  such  that  f^n^(x)  and 
f.(n.1)(x)  belong  to  different  blocks  if  and  only  if 

f (x) f ^ (x)  <  0  .  Bernstein  found  the  relationship 

between  the  lengths  of  the  blocks  and  the  analytic  nature  of 
the  function.  This  relationship  is  aptly  described  in  the 
words  of  Boas  and  Polya  ([8] ,  p.  406):  "Roughly  stated, 

the  analytic  nature  of  f (x)  is  simpler  if  the  blocks  are 
shorter." 

A  particular  class  of  regularly  monotonic  functions 
with  the  property  that  =1  (n  =  1,2,...)  is  called 

cyclically  mono  tonic  and  was  studied  in  some  detail  by 


.(VI  xsXqsrfO)  [e£]  nx  navis  sib  ,sisd 
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Bernstein  [4] .  He  proved  that  if  f (x)  is  cyclically 
monotonic  on  [0,b]  then  it  must  necessarily  be  entire  of 

2 

exponential  type  not  exceeding  —  .  Also,  he  proved  the 
f  ollowing : 

Theorem  (Bernstein,  [4]),  A  f unc t ion  f(x)  i s  entire  o f 
exponential  type  at  mos  t  b  ±f_  and  only  if  i  t  can  b e 

TT 

represented  on  any  interval  o f  length  less  than  -j-g-  as_  the 

dif  f  erence  o  f  two  cyclically  mono  tonic  f unc  t ions ,  but  not  s  o 
represented  on  s ome  interval  o f  greater  length . 

Widder  introduced  the  term  completely  convex  to 
describe  functions  satisfying  the  inequalities 

(-l)kf (2k) (x)  >  0,  (k  =  0,1,...)  on  an  interval 

a  <  x  <  b  .  Unlike  the  absolutely  monotonic,  completely 
monotonic,  or  cyclically  monotonic  functions  for  which  every 
derivative  has  a  prescribed  sign,  there  are  no  conditions 
on  any  derivative  of  odd  order  of  a  completely  convex 
function.  It  is  easily  seen  that  if  a  function  f (x)  is 
cyclically  monotonic  on  an  interval,  then  either  f (x)  or 
-f (x)  is  completely  convex  on  that  interval.  However,  the 
function  sin  ttx  which  is  completely  convex  on  [0,1]  is 
not  cyclically  monotonic  on  [0,1]. 

Widder  [38]  showed  that  a  function  which  is 
completely  convex  in  an  interval  (a,b)  is  necessarily 
entire  of  finite  exponential  type.  He  also  showed  [38] 
that  each  term  in  the  Lidstone  series  expansion  of  a 


10 


completely  convex  function  is  nonnegative. 

Following  Widder,  we  say  that  a  function  f (x)  is 
minimal  completely  convex  in  (a,b)  if  f (x)  is  completely 
convex  there  and  if  f  (x)  -  £  sin  ttx  is  not  completely  convex 
in  that  interval  for  any  £  >  0  .  Then  we  have  the  following: 

Theorem  (Widder,  [38]).  A  necessary  and  suf f icien t  condition 
that  f (x)  can  b e  represented  by  an  absolutely  convergent 
Lids  tone  series  i s  that  i t  should  b  e  the  difference  o  f  two 
minimal  completely  convex  functions  on  0  <  x  <  1  . 

The  first  paper  of  Widder  [37]  on  completely  convex 
functions  (in  1940)  generated  considerable  mathematical 
activity,  producing  generalizations  in  several  directions, 
all  of  which  were  published  in  1941  and  1942. 

Boas  and  Polya  [8]  gave  some  general  results  on 
functions  with  certain  prescribed  derivatives  which  do  not 
change  sign  on  the  interval  [-1,1]  .  Since  they  are  so 

closely  related  to  the  work  contained  herein,  we  state  the 
main  results  here.  The  first  theorem  contains  both 
Bernstein's  results  on  regularly  monotonic  functions  and 
Widder's  results  on  completely  convex  functions. 

Theorem  1  (Boas  and  Polya,  [8]).  Let  {n^}l  and  (q^ 
b e  sequences  o f  positive  in t e g e r s .  Let  f  (x)  b e  real 

OO 

valued  and  o f  class  C  [-1,1]  .  For  k  =  1,2,...  ,  let 

(n.)  (ni+2  qk^ 

f  (x)  and  f  (x)  not  change  sign  in  [-1,1]  , 


no  sac  X 9 v ncc  ylsJQ  gmoo  j.^.L  .Jig. 
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(nk}  (nk+2qk} 

and  let  f  (x)f  (x)  <  0  .  Then  i f 

(i)  n^  -  nk_-^  =  0(1)  and  (ii)  q^.  =  0(1)  ,  f  (x)  coincides 

with  an  entire  function  o f  growth  not  exceeding  order  one  and 


finite  type. 


The  second  theorem  gives  a  direct  generalization 
of  Widder’s  result  on  completely  convex  functions,  which  is 
obtained  by  setting  n^  =  2  and  =  1  (k  =  1,2,...)  . 

Theorem  2  (Boas  and  Polya,  [8]).  Let  {n^_}f  b_e  a.  sequence 
o f  even  integers  .  Let  f  (x)  be_  real  valued  and  o f  class 

oo  k  <nk> 

C  [-1,1]  ,  and  let  (-1)  f  (x)  a  0  ,  (k  =  1,2,...)  . 

Then  i f  n^  -  n^  =  0(1)  ,  f(x)  coincides  with  an  entire 

function  o f  growth  not  exceeding  order  one  and  f ini te  type . 


Further  generalizations  of  these  results  have  been 
given  by  Wiener  and  Polya,  Szego,  Hille  and  Schaeffer  [20] . 
In  order  to  give  a  brief  survey  of  these  results,  we  let 

denote  the  number  of  changes  of  sign  of  f  (x)  in  an 


interval 


Wiener  and  Polya  showed  that  if  f(x)  is  a 


N  =  0(1)  then 
n 


2TT-periodic  function  and  if  ^  2m  for  any  n  ,  then  f 

is  a  trigonometric  polynomial  of  order  not  exceeding  m  . 

2  n 

Szego  proved  that  if  f(x)  is  periodic  and  ^ q  ~ 

(n  -*  °°)  then  f(x)  is  entire,  and  if 

f ( x )  is  of  exponential  type.  Schaeffer  generalized  the 

result  of  Wiener  and  Polya  by  showing  that  if  <  M 

(n  =  1,2,...)  for  some  fixed  M  then  f(x)  is  analytic 

* 

in  I  .  Hille  proved  that  if  Nn  =  0(1)  on  the  interval 


. 
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[-1,1]  then  f(x)  is  a  polynomial,  where  N  denotes 

n 

the  number  of  changes  of  sign  of 


(1-x2) 


2  x 


d 

dx 


n 

f  (x) 


7.  Summary .  In  each  of  the  three  chapters  of  this  thesis 
we  are  concerned  first  with  determining  a  set  of  polynomials 
satisfying  certain  interpolatory  conditions,  which  we  call 
the  fundamental  polynomials  of  the  particular  interpolation 
problem  in  question.  In  Chapter  I,  the  infinite  interpolation 
p r ob 1 em  is  defined  by  successively  iterating  the  incidence 


mat  r  ix 


111 
10  0 


1  0 
0  0 


with  nodes  0  and 


In 


Chapter  II,  the  infinite  interpolation  problem  is  defined  by 

_  -  -  .  . 


iterating  the  incidence  matrix  = 


1  0  0  0  0 

0  1  1  ...  1  0 
1  0  0  0  0 


In 


(p  a  positive  even  integer)  with  nodes  -1,  0  and  1  . 

Chapter  III  we  define  the  fundamental  polynomials  of 
(0,  n-1,  n)  interpolation.  By  obtaining  the  explicit  form 
of  these  polynomials,  we  show  existence  for  every  choice  of 
n  real  nodes.  However,  as  a  simple  example  shows,  for  some 
choices  of  complex  nodes  the  (0,  n-1,  n)  interpolation 
polynomials  do  not  exist. 

Once  these  fundamental  polynomials  are  known  we 
consider  first  the  problem  of  expansion  of  an  entire  (or 
analytic)  function  in  terms  of  such  polynomials.  To  do  this, 
we  introduce  the  term  (p,L)  series  in  Chapter  I,  and 
(p,L*)  series  in  Chapter  II.  In  Chapter  III,  we  give  some 


33fT3b±oni  arid  gnidsiadJ:  TjIsvleRSOoua  ba r. 


>11,8.  8  D  n  i>  a  (11  3  J  g  n  1  .  3  '  •  »  d  1 

.ip.  x  ‘j  lor  oh  elfii  m  on  V  0  Q 


inis!  arid  3oui  oddnl  3w 


13 


results  on  uniform  and  least  squares  convergence  for  functions 
analytic  in  the  unit  disk  with  certain  prescribed  conditions 
on  the  boundary.  The  convergence  theorems  turn  out  to  be 
similar  to  known  convergence  theorems  ([26]  and  [28])  for 
Lagrange  interpolation  polynomials,  as  one  would  expect. 

The  second  problem  considered  in  Chapters  I  and  II 
was  motivated  by  Widder's  work  on  Lidstone  series  and 
completely  convex  functions  [38] .  From  this  elegant  result, 
we  are  led  to  consider  the  problem  of  defining  a  suitable 
class  of  functions  corresponding  to  a  given  interpolation 
problem.  Such  considerations  lead  to  the  definition  of 
Wp-convex  functions  and  the  generalization  of  Widder’s 
result  in  Chapter  I. 

In  an  attempt  to  obtain  results  analogous  to  those 

k 

of  Chapter  I,  we  define  the  class  of  W  -convex  functions 

P 

in  Chapter  II.  Some  sufficient  conditions  are  given  for  the 

k 

representation  of  a  function  by  a  (p,L  )  series.  However, 
as  is  pointed  out  in  Chapter  II,  we  are  unable  to  obtain 
necessary  conditions  for  representation  of  a  function  by  an 

k 

absolutely  convergent  (p,L  )  series.  Some  results  are 
also  given  in  Chapter  II  for  the  special  case  p  =  2  , 

k 

relating  a  set  of  interpolation  polynomials  of  the  (2,L  ) 
series  to  the  Euler  Polynomials. 

Finally,  in  order  to  bring  out  the  correspondence 
between  certain  classes  of  functions  and  the  interpolation 


noidelot  isini  nsvj  g  a  oi  gn  ;b»oqtsno3  a.TOiionu'  o  iaila 
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problems  which  generate  them,  we  give  the  following  table: 


Incidence  matrix 

Class  of  Functions 

Ref  er ences 

(1) 

absolutely  monotonic 

Bernstein  [2] 
Widder  [  39 ] 

1  °) 
lo  1  / 

cyclically  monotonic 

Bernstein  [4] 
Schoenberg  [23] 

1 

1  °l 

1  ol 

completely  convex 

Widder  [38] 

1 

f  1  1  ...  1  0 
10  ...  00 

p  columns 

W  -convex 

P 

Chapter  I 

10  0  o\ 
0  1  ...  1  0 
\1  0  0  0 

p  columns 
(p  even) 

* 

W  -convex 

P 

Chapter  II 

' 
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CHAPTER  I 

A  GENERALIZATION  OF  THE  CLASS  OF 
COMPLETELY  CONVEX  FUNCTIONS 

1 .  Introduction . 

In  1932,  Whittaker  [35]  proved  that  an  entire 

function  f(z)  of  exponential  type  <  tt  has  a  convergent 

Lidstone  series  expansion  which  is  uniformly  convergent  in 

any  finite  region  of  the  complex  plane.  Widder  [38] 

showed  that  a  necessary  and  sufficient  condition  for  a 

function  to  have  an  absolutely  convergent  Lidstone  series 

expansion  is  that  it  is  the  difference  of  two  minimal 

completely  convex  functions.  Later,  in  an  attempt  to 

synthesize  the  results  of  Bernstein  on  completely  monotonic 

functions  and  the  results  of  Widder  on  completely  convex 

> 

functions,  several  deep  studies  were  made  in  different 
directions.  We  mention,  in  particular,  the  results  of  Boas 
and  Polya  [8]  who  showed,  roughly  speaking,  that  if  {n^}l 
and  {q  }  are  two  sequences  of  nonnegative  integers,  and 

iC 

(nk)  (nk+2qk) 

if  f  ( x ) f  (x)  ^  0  on  an  interval  I,  then  f 

must  necessarily  coincide  on  this  interval  with  an  entire 
function  of  order  one  and  finite  type.  In  spite  of  the 
great  generality  of  this  result,  a  corresponding  extension 
of  Widder's  interesting  result  was  not  attempted.  Perhaps 

this  could  be  attributed  to  the  fact  that  the  methods  of 
Boas  and  Polya,  as  also  of  other  authors  who  worked  on  this 
kind  of  problem,  were  very  different  from  those  of  Widder. 
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Our  object  here  is  to  introduce  an  extension  of 

Lidstone  series  (called  (p,L)  series)  and  to  obtain  an 

analogue  of  Whittaker's  result  and  then  to  obtain  a  necessary 

and  sufficient  condition  that  a  function  has  an  absolutely 

convergent  (p,L)  series  expansion.  In  order  to  do  so  we 

give  some  preliminaries  in  §2  and  introduce  the  class  of 

Wp-convex  functions  and  give  a  statement  of  the  principal 

theorems.  For  p  =  2  ,  the  W  -convex  functions  become  the 

P 

class  of  completely  convex  functions  of  Widder. 

In  §3,  we  give  a  proof  of  Theorem  I  and  in  §4  we 

obtain  some  properties  of  the  fundamental  polynomials  of  the 

(p,L)  series  (see  Definition  1).  §5  deals  with  a  boundary 

value  problem  which  is  useful  in  obtaining  some  estimates  on 

the  fundamental  polynomials  in  §6.  In  §7,  we  use  the  results 

of  §6  to  obtain  estimates  for  functions  which  are  W  -convex 

P 

and  complete  the  proof  of  Theorem  II.  In  §8  we  obtain  some 

additional  results  on  W  -convex  functions  and  prove  Theorem 

P 

III.  The  results  of  §8  and  §9  together  with  the  properties  of 

minimal  W  -convex  functions  (see  Definition  3),  introduced 
P 

in  §10,  enable  us  to  give  necessary  and  sufficient  conditions 
for  representation  of  a  function  by  an  absolutely  convergent 
(p,L)  series  (Theorem  IV)  in  §11. 


2.  Preliminaries  and  Statements  of  Main  Results . 


We  define  the  sine  functions  of  order 


by 


OO 


(2.1) 


M  .  ( t)  =  l 

P>3  n=0 


(-l)ntpn+j 

(pn+j )  ! 


( j  =0 , 1 ,  .  .  .  , p-1) 


y^Bsasosn  6  nlei do  oJ  nsrid  bn*  jXubs-i  8 '  to  auSo  bob 

lo  83.ID  9 <11  soiibounl  bns  £§  si  eolTBnlinlXa^q  9*03  9V±8 

.Ilg  n±  (VI  LTiios  it)  89h)a 

.  3  3  1 1  p.  •■  i  li  .  i  -  -  :  g  n  i  a  c .  v_.'l 
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- 1 


Thus  Q(t)  =  e  ,  M2  ^(t)  =  sin  t  , 


■w  /.\  l-t.22  t/3  . 

3  Q  ^  '  =  ~3e  *3e  cos  — 2 —  *  Then  it  is  easy  to  see  that 


M<r>(t)  = 
P  >  J 


M  .  (t) 

p  ,  j  -r 


-M  (t) 

P  »P+J-r 


( 0  <r  < j  ) 
( j  <r<p) 


and 


(2.2) 


M  . (t)  = 
P  »  J 


GO 


—  (  j / 2 )  p-1 

~  m=0 


-m  j  too 


m+2 


go  "  e 


go  =  e 


27Ti/p 


We  shall  require  the  addition  formula  (see  [16] ;  p.  47) 


(2.3)  M  . (x+y)  =  )  M  .  (x)M 

p»j  kr0  P>k  P 


P-1 

.  ,(y)  -  1  M  i(x)M  , .  i 

•j-k  k-j+i  p>k  P’P+^-k 


(y) 


We  denote  the  generalized  hyperbolic  functions  of  order  p 
by 


(2.4) 


N  .  (t)  =  l 


pn+j 


P  »  J 


n  =  0 


(pn+j ) ! 


(j  0»1>»**jP  1) 


and  observe  that  N  „(t)  =  go^  ^  M  ,(tG0  (T/2)^  . 

P  »  J  P  >  J 

Further,  we  denote  the  zeros  (^  0)  of  M  .(t)  by 

P  >  J 


(2.5) 


A.(J)  <  \<j) 


( j  =0 , 1 ,  .  .  .  , p-1) 


and  set  X^  =  X^ 


(p-1)  .  * 


;  X^  =  X^  (k  =  1,2,...)  when  there 


is  no  chance  of  misunderstanding. 

Mikusinski  [16]  has  proved  that  the  zeros  o f 


M  . (t)  are  simple  and  if  0  <  j  <  k  <  p  ,  the  zeros  of 
P  »  J 


« q 

Tt-c+q.q 


7 

3  to 


(£.£) 


9  =  0) 

0=m 


\d 


l f3  V  9  3  do  b  .  iB 
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M  .  ( t )  and  M  ,  (t)  do  not  coincide.  Further,  if 

p,j  -  p,k - -  - 


< 


( j ) 


0  <  A  VJ/  <  Av^(  are  two  consecutive  zeros  of  M  .(t) 
m  m+ 1  - : —  p  ,  j 


then 


( j  ) 


there  exists  exactly  one  zero  of  M  ,  (t)  between  AVJ/  and 

-  -  - l.  -  -  -  p  ,  k  -  m  - 

A^+^  .  We  shall  refer  to  this  property  as  the  interlacing 

property  of  the  real  zeros  0)  of  the  functions  ^(t) 

(j  =  0 , 1 ,  .  .  .  ,  p-1)  . 


We  note  that  the  moduli  of  the  zeros  of  N  .(t) 

P  >  3 


are  given  by  (2.5). 


Lemma  2 . 1  (Mikusinski  [16]).  Given  an  integer  p  >  2  ,  the 

f o 1 lowing  properties  hold: 


(2.6) 


1 

P 


< 


< 


2((p+iIL>_' 

•  i 


1 

P 


(2.7) 


Xkj)  '  >lkP"1)  (j-0,1,  .  .  .  ,p-2;k=l,2,  .  .  .  ) 


wh  ere 


is  defined  by  (2.5)  .  Furthermore , 


(2.8) 


(2.9) 


OO 

{x1(p-1)>  + 

p=2 


lim  ^(p-1)  = 

p->°o  i 


(-l)k  M  (X^P  1))  >  0  (j-0,1, - p-2;k=l,2,.. 


Proof  .  Inequalities  (2.6)  are  due  to  Mikusinski.  For 
k  =  1  ,  (2.7)  follows  from  (2.6).  By  the  interlacing 
property  of  the  real  zeros  of  the  functions  (t) 

(j  =  0,1,  .  .  .  , p  —  1 )  mentioned  after  formula  (2.5),  we  have 


ao^s  Ii,9  :  i  dl  o  xil^oo.  JL 


. (£.S)  id  bani  S) 
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(2.7)  for  all  positive  integers  k 

1 


From  the  easily  verified 
1 


inequality  A^P^  < 


2 ( ( 2p- 1 ) ! ) 

(P-1)  ! 


( 2  p+1 ) ! 

P  ' 


p+1 


<  a{p+1)  it 


follows  that  the  sequence  (2.8)  is  strictly  increasing  and 


that  lim  A^P-1)  = 

p^°°  1 


oo 


Now  M  . (x)  ^  0  (0  <  x  <  A ^ ^ )  and 

P  >  3  1 


all  the  real  zeros  (^  0)  of  M  .  (x)  (j  =  0,l,...,p-2)  are 

P  >  J 

simple  and  have  the  interlacing  property  with  the  zeros  of 
Mp  ^_^(x)  •  Therefore  using  (2.7)  we  have  (2.9). 

We  now  formulate 


Theorem  I .  Given  an  integer  p  >  2  ,  the  f o 1 lowing 

representation  holds  for  every  entire  function  f ( z )  o f 
exponential  type  t  <  A..  : 


00  ,  \  P-2/,\ 

(2.10)  f(z)  =  l  {f(pn)(l)C  (z)  +  l  f(pn+V)(0)A  (z)} 

n=  0  P  v  =  0  p 

where  A,  =  A^P  ^  is  defined  by  (2.5)  and  {C  (z)} 

-  1  1  -  -  —  -  pn 


n  =  0 


and  {A  ..(z)}  ,  (j  =  0,l,...,p-2) 

-  pn+j  n=0 

are  polynomials  defined  by  the  generating  functions : 


(2.11) 


oo  N  .  (zt) 

y  tPn  r  ( z )  =  P-3-P — i -  =  y  (z  tp) 

Z  Cpn(Z-)  N  .  (t)  "  -  1  ^Z,t  ’ 

n  =  0  v  p  ,  p- 1 


P-1 


oo  .  N  _  ( z  t ) 

(2.12)  l  tpn+J  A  (z)  =  N  ,(zt)  -  N  (t)  - 7-t 

n=0  pn+J  P’J  P’J  Np,p-l(t) 


E  tj  Y (z, tP) 


(j  —  0»1>»**»P  2)  . 


-  ex  - 


4(0)(V+n<l)i  T  +  («)  „9(0  5>  j 
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The  series  on  the  right  in  (2.10)  converges  t  o  f ( z )  for  all 
z  and  the  convergence  i s  unif orm  on  all  bounded  subsets  o f 
the  plane . 

Def ini t ion  1 .  We  shall  s ay  that  the  series  (2.10)  _i_s_  the 

p-Lidstone  series  (or  (p,L)  series)  o  f  f  and  that 

(C  (z)}  and  {A  ..(z)}  (i  =  0,1 . p-2)  are  the 

Pn  n  =  0  -  pn  +  J  n  =  0  - 

fundamental  polynomials  o f  the  (p,L)  series  ♦ 

Remark .  The  function  .^zA^)  is  exponential  type 

A^  and  all  the  derivatives  occurring  in  its  (p,L)  series 
vanish  so  that  its  (p,L)  series  is  identically  zero.  Thus 
Theorem  I  yields  a  best  possible  result  in  the  sense  that 
A^  cannot  be  replaced  by  a  larger  number. 

De  f ini t ion  2 .  A  real  valued  f unc t ion  f  def ined  on  [a,b]  , 
i s  said  t o  b e  W  - convex  i f 

0° 

(i)  feC  [ a , b ]  , 

(ii)  (_i)kf (pk) (x)  >  0  ,  (a<x<b;  k=0 , 1 , . . . )  , 

(iii)  (- 1 ) kf ^Pk+j^ ( a)  >  0  ,  ( j =1 , 2  ,  .  .  .  ,  p-2  ;  k=0 , 1 , .  . . )  . 

We  now  formulate 

Theorem  II.  If  f  is  W^-convex  on  0  <  x  <  1  then  f 
coincides  on  [0,1]  with  a.  real  entire  function  of. 
exponential  type  not  exceeding  A  ^  ( def ined  b  y  (2.5) )  and 

the  (p,L)  series  representation  holds  i f  the  function  i s 

1  * 


o  f  exponential  type  <  A 
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We  now  give  the  following  useful  variation  of 
Theorem  II : 


Th eo r em  III.  I f  f (x)  i s  W  - convex  in  a  <  x  <  b  whe r e 


b-a  >  1 

then 

f  (x) 

is 

an  entire  function  of 

exponential 

type  less  than 

Ai 

and 

(2.10)  holds  for  any 

z  in  the 

complex 

plane . 

When  p  is  an  even  integer,  the  first  part  of 
Theorem  II  is  a  special  case  of  results  of  Boas  and  Polya 
(see  [8] ;  Theorem  1,  p.  407)  except  that  we  give  a  precise 
upper  bound  on  the  type  of  the  entire  function.  When  p 
is  an  odd  integer  however  (say  p  =  2m+l),  then  our 
results  do  not  follow  as  a  special  case  of  the  results 
of  Boas  and  Polya,  because  for  n^  =  (2m+l)k  there 

exists  no  sequence  {q  }  which  will  satisfy  the  hypothesis 

K, 

of  Theorem  1  of  Boas  and  Polya  (p.  10).  Furthermore,  the 

conditions  (iii)  of  Definition  2  are  imposed  at  the  end¬ 
point  of  the  interval  in  question,  whereas  a  result  of  Boas 
and  Polya  ([8] ,  p.  423)  imposes  conditions  on  the  function 
on  subintervals  about  the  midpoint  of  the  interval.  Our 
method  of  proof  is  close  to  that  of  Widder  ([37],  [38]). 

Theorem  II  gives  a  sufficient  condition  for  a 

function  to  have  a  (p,L)  series  representation  but  it  is 

not  necessary  as  seen  from  the  example  of  the  function 

N  „ (x)  which  is  not  W  -convex  and  yet  has  the  (p,L) 

p , p-1  P 

OO 

series  representation  N  -.(x)  =  N  .(1)  £  C  (x)  . 

PjP-1-  P>Px  n=nP 


,uO  .IfivisJni  aril  lo  jnxoqbim  arfa  Juode  aiaviala  iue  O' 
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Also,  M  _ . (  x  A  )  is  W  -convex  on  [0,1]  ,  yet  it  has  no 

p  ,  p  ~  1  1  p 

( p  ,  L )  series  representation.  In  order  to  obtain  a 

necessary  and  sufficient  condition,  we  follow  Widder  and 

introduce  the  class  of  minimal  W  -convex  functions. 

P 

Def ini t ion  3 .  A  real  valued  function  f (x)  def ined  on 
0  <  x  ^  1  Is.  minimal  W^-convex  on  [0,1]  _i_f  i_t  i^s 
W  -convex  on  [0,1]  and  if  f (x)  -  eM  , (xA,)  is  not 

p - -  p  ,  p-1  1 - 

W  -  convex  on  [0,1]  for  any  positive  £  . 

This  leads  us  to  formulate 

Theorem  IV .  A  necessary  and  sufficient  condition  that 
f (x)  b e  represented  by  an  absolutely  convergent  (p,L) 
series  i s  that  i t  i s  the  dif f er ence  o f  two  minimal 
W  -convex  functions  on  0  <  x  <  1  . 

p - 


3  .  Proof  o f  Theorem  I . 

z  t 

Setting  f(z)  =  e  in  (2.10)  we  get  the 

z  t 

formal  (p,L)  series  representation  of  e  ,  so  that 


(3.1) 


p  7  2  . 

£  t  ^  V  .  (  z 
3=0  J 


t p )  +  e  ¥  (z,t^) 

p-1 


Replacing  t  successively  in  this  relation  by  wt,  0)  t, 

...,  o)p-1t,  with  0)  =  e27Tl/P  ^  and  observing  that 

'y  (z,tP)  remains  unchanged,  we  get  the  following  system 


* 

o  Diiui  x  :•  ac  W  1 6tn  xi  im  o  f  j.Io  3  >• J 


9  3s  JIT!  1 5  O  3  2  -  0  s  1  i 
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of  equations  in  ^  : 


(3.2) 


m  p-2 

GO  Z  t 


=  'I  +  e“  S 


m 

go  t , 


(in  0,1,  .  .  .  ,  p  —  1 ) 


In  order  to  obtain  ¥  ,  we  multiply  the  (m+1) 


th 


equation  in  (3.2)  by  go"™3  (m  =  0,l,...,p-l)  and  add.  Now, 
keeping  in  mind  the  easily  verified  identities 

P“ 1 


(3.3) 


I  - 

m=0 


(v-j)m 


o,  V  +  i 

(mod 

P> 

P .  v  =  j 

(mod 

P) 

(3.4) 


p-1  .  m 

I  =  pN  (t)  (j=0,l . p-1)  , 

m=  0  P’J 


we  obtain  (2.11)  and  (2.12)  . 


The  polya  representation  of  an  entire  function 
n 


f (z)  =  l 


n  =  0 


a  z 
n 

n  ! 


of  finite  type  is  given  by 


(3.5) 


f  (z)  =  ITT  lreZtf(- t)dt 


where  F  ( z )  =  ^ 


n 


n+1 


is  the  Borel  Transform  of  f(z) 


n  =  0  z 

and  T  is  a  contour  surrounding  the  conjugate  indicator 
diagram  D(f)  of  f  ,  i.e.  the  convex  hull  of  the  set 
of  singularities  of  F(t)  .  From  (2.11)  and  (2.12)  we 
have  that  the  right  hand  side  of  (3.1)  is  regular  in  all 
circles  |t|  =  p  where  p  <  .  Therefore,  the  series 

given  by  ...»  converge  uniformly  in  any 

compact  subset  of  the  disk  |t|  <  A^  . 


-  ££ 


2  4 


Now  if  f  is  of  exponential  type  T  ,  it  is  well 
known  (see  e.g.  [7] ,  p.  8)  that  D(f)  lies  inside  the  disk 
| t |  ^  T  .  Therefore  T  can  be  taken  to  be  any  circle 
| t |  =  p  where  T  <  p  <  A^  .  The  proof  of  Theorem  I  is  completed 

by  applying  the  kernel  expansion  method  (see  [7]  ,  p.  10) 
with  eZt  as  kernel. 


4.  Properties  o f  Fundamental  Polynomials  of  (p,L)  Series 


Consider  the  linear  operator  L  defined  on 


CP[0,1]  by 


(4.1) 


L (f )  =  f (x)  - 


P“2  /  .  \ 

f  (1)C  (x)  +  l  f  (0)A.  (x) 

j  =0  J 


where  C^(x)  and  A_.  (x)  (j  =  0,l,...,p-2)  are  the  poly¬ 
nomials  occurring  in  (2.10).  Since  L(P)  =  0  for  any 
polynomial  P(x)  of  degree  <  p-1  ,  we  have  by  Peano's 

theorem  [12] 


(4.2) 


L ( f )  =  /  K  (x,t)  f(p)(t)dt 
0 


where 


(4.3) 


(p-l)I  K1(x,t)  =  [  ( x- t ) P  1] 


with 


(x-t)P-1 


(x-OP-1 


t  >  X 

t  <  X  . 


9l07l0  ^IXB  3d  03  H3^B3  9d  flBO  T  S305313ffT  .  T  *  hi 

01  ,q  [A]  ©38)  > o ,ri 3 3 ni  floienBqxa  :  n  s  ;  gn.i  '  -r  <  ■ 


o=  t 


-yloq  9ri3  91B  (£-q <  .  .  . « 1 , 0  -  t)  (x  A  ;nii  '  0^  ,4£>r-^ 
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2  -| 

Setting  f (x)  =  l,x,x  ,...,x^  successively  in  (4.1)  ,  we 


easily  have 


(4.4) 


j  ! A j  (x)  =  xJ  -  x 


.P-1 


(j=0,l,  .  .  .  , p- 2 ) 


Cq (x)  =  x 


p-1 


From  (4.1)  and  (4.3)  we  have 


(4.5)  (p-1)!  K1(x,t)  =  < 


(x-t)^  -  (l-t)^  ^xP  ^  (0<t<x<l) 


-a-t)p_1xp'1 


(0<x<t<l) 


Also  K^(x,t)  =  K^(l-t,l-x)  .  Now  K^(x,t)  is  seen  to  be 

the  Green's  function  for  the  differential  system 


(4.6) 


y^p^(x)  -  4>(x) 


y ( 1 )  =  0  ;  y ( 0 )  =  y'(0)  =  ...  =  y(p_2)(0)  =  0 


where  4>(x)  is  any  function  continuous  on  0  <  x  <  1  ,  so 


that 

(4.7) 


y  (x)  =  /  K  (x,  t)<j>  (t)dt 
0 


is  the  unique  solution  of  the  system  (4.6).  Since  (x) 

satisfies  (4.6)  with  4>(x)  =  A  f  -  *  .  (x)  we  have 

p ( n- 1 )  +  j 


(4.8) 


Pn+ j 


_L 

(x)  =  /  K(x,t)A 

0 


p (n- 1 ) + j 


.  (  t  )  d  t 


=  /  Kn(x, t)A . (t)dt  ( j =0 , 1 , . . . , p-2 ; 


0 


n=l , 2 , . . . ) 


where  we  set 


(4.9) 


Kn (x , t) 


f  K(x,u)  K(u,t)du  (n-2,3,...) 

'  0  1  n  1 


■ 
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Similarly 


(4.10) 


Cpn(x)  =  /nKn(x,t)C0(t)dt 


(n= 1 , 2 , . . . ) 


0 


Thus  we  have 


Lemma  4.1.  I f  f(x)  belongs  to  Cpn[0,l]  then 


(4.11) 


f(x)  =  l  f(pk)(l)C  (x)  + 
k=0  p 


where 


+  ^  f(pk+j)(0)A  (X)  +  Rn(x,f) 

j=0  k=0 


(4.12) 


Rn(x,f)  =  /  Kn(x,t)f(pn) 


(  t  )  d  t 


with  ( x , t )  given  by  (4.5)  and  (4.9) . 


Proof .  For  n  =  1  ,  (4.11)  is  given  by  (4.1)  and  (4.2) 

The  proof  is  completed  by  induction  on  n  . 


Lemma  4.2.  The  f o llowing  inequalities  hold  for  0  <  x  <  1 


(4.13) 


(-l)nK  (x,t)  >  0 
n 


(0< t<l ;  n=l ,  2  ,  .  .  .  )  , 


n 


(-D  C  (x)  >  0 

pn 


(4.14) 


n 


( - 1 )  A  .  .  (x)  >  0 
pn+J 


(n  =  0 ,1,2,...)  , 


(j— 0,l,...,p  2)  . 


-  <x)i 


(II. A) 


.(£.A)  bns  (I. A)  yd  navis  aJfc  (II. A)  ,  I  *  f 


0  S  (J.x)  »'  (X-) 

(AI.A) 
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Proof .  For  n  =  1  ,  and  x  <  t  (4.13)  is  clear  from  (4.5). 
For  x  >  t  ,  consider  the  expression 

(x“t)^  ~  (l-t)^  xP  1  =  (l-t)P  ^F(t)  ,  where 

p- 1  1 

F(t)  =  |  y'_  t  ]  -  xP  ,  x  being  fixed.  Then 

P  2 

F'  (t)  =  - i* — li.  <  o  ,  so  that  F(t)  is  monotone 

(l-t)P 

decreasing  for  0  <  t  <  x  <  1  and  hence  assumes  its  maximum 
at  t  =  0  .  Since  F(0)  =  0  ,  F(t)  <  0  ,  (0  <  t  <  x)  ; 
and  hence  K^(x,t)  <0,  (0  <  t  <  x  <  1)  .  For  n  >  1  , 

(4.13)  is  proved  from  (4.9)  .  Also,  (4.14)  is  immediate 

from  (4.8),  (4.10)  and  (4.13). 

We  supplement  (4.14)  with 

Lemma  4.3.  The  fundamental  polynomials  C  (x)  ,  A  . . (x) 

-  -  -  - -  pn  pn+j 

(j  =  0,l,...,p-2)  have  no  zeros  in  the  interval  0  <  x  <  1 . 

Proof  .  We  shall  prove  the  Lemma  for  the  polynomials 

A^(x)  .  The  proof  for  the  other  fundamental  polynomials 

is  identical.  From  (4.14)  we  have  (-l)nApn(x)  £  0 

(n  =  0,1,2,...)  .  Also,  A  (0)  =  A'  (0)  =  ...  = 

*  *  *  ’  pn  pn 

A(p-2)(0)  =  0  ,  (n  =  1,2,...)  .  Since  A„=  1  -  xP_1  , 

pn  u 

the  Lemma  is  true  for  n  =  0  .  Suppose  it  is  true  for 

n  =  k-1  .  A  (x)  (n  =  1,2,...)  has  a  simple  zero  at 

pn 

x  =  1  and  a  zero  of  order  p-1  at  x  =  0  .  Assume  that 

x  (0  <  x  <  1)  is  a  zero  of  A  .  (x)  .  Then  x  must 
o  o  p  k  o 

be  a  zero  of  even  order  (at  least  two).  Therefore,  under 


■ 


Bfll  8  3i  8SAIU8  3B  9  0H9fI  IflK 
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our  assumption,  A^^(x)  has  (at  least)  p+2  zeros  in 

0  <  x  <  1  .  Applying  Rolle's  Theorem  p  times, 

(x)  =  Ap(k-_;L)(X)  ^as  ^at  -*-east)  two  zeros  in  the 

interval  0  <  x  <  1  ,  contradicting  the  inductive 

assumption . 

5.  A  Boundary  Value  P r ob 1 em . 

Consider  the  boundary  value  problem 


(5.1)  < 


y(p)  +  APy  =  0 

y(0)  =■  y'  (0)  =  ...  =  y(p_2)  (0)  =  y  ( 1 ) 


=  0 


and  the  adjoint  problem 


(5.2) 


(-l)pz(p)  +  Ap 


z  =  0 


z ( 1 )  =  z  *  ( 1 )  =  ...  =  Z(p  2)(1)  =  z ( 0 )  =  0  . 


Then  the  real  eigenvalues  A^  <  A^ 


< 


are  the  zeros  of 


M  (x)  (defined  in  (2.5)).  The  eigenfunctions  of  (5.1) 

P  ,  p-1 


00 


are 


{M  _  (xA.  )}  and  those  of  (5.2)  are 

p  5  p  —  J_  K.  lc=l 


(M  ,  (A.  -xA1  )  } 
p  ,  p- 1  k  k  \a=i 


There  is  considerable  literature  on  the  problem 
of  expansion  of  a  function  in  terms  of  the  eigenfunctions 
of  the  above  boundary  value  problem,  which  is  classified 
as  non-regular  and  separable  [17] . 


91B  (£.£)  9sorf3  b  ,  .  ,.X.x)  r 
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Lemma  5.1.  The  following  bior thogonal  property  holds : 


(5-3)  f0  MP,P-i<*V 


M  .  ( A . - xA  .  ) dx  =  / 

p  ,  p-1  J  J  \ 


0 


-M  9(X  ) 

P.P-2  k 


where  A,  <  \n  <  ,  .  .  are  the  real  zeros  of  M  ,  (z) 

-  1  2  - p  ,  p- 1 


Proof  .  If  j  4-  k  ,  formula  (5.3)  is  easy  to  verify. 


verify  it  for  j  =  k  we  set  y  =  M  -  (xA,  )  , 

p  ,  p  1  K. 


z  =  M  _ (A, -xA. )  .  Then  from  (5.1)  and  (5.2)  we  have 

P  •  P  1  rC  K. 


(5.4)  -2(AV)P  /  yz  dx  =  /  [y^P^z  +  ( - 1 ) P z ^ P ^ y ] dx 

0  0 


=  (_1)3  j1  [(.i)Pz(H)/3)  +  y(p-3)z(j))dx 

0 


(j  =  l,2,...,p-l)  so  that 


1 

-2  (p-1)  ( A,  )  P  /  yz  dx 

0 


=  J1  Pj1  (-l)j [(-l)PZ(p'J)y(j)  +  y(p-j)z(j)]dx 

0  j-0 


"  2(Ak)P  /„  ^  Mp,j-l(Ak_xXk)  Mp>P-j-l(xXk)dx 


»  j  4  k 

>  j  =  k 


To 


Using  the  addition  formula  (2.3)  for  j  =  p-2  we  obtain 
(5.3).  This  completes  the  proof  of  (5.3)  for  j  =  k  . 


I 


-t-t « q 
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Remark  1.  Formula  (5.3)  may  be  generalized  as  follows. 

If  (j  =  0 , 1 ,  .  .  .  ,  p-1 ;  k  =  1,2,...)  denote  the  real 

zeros  (=^  0)  of  M  (x)  ,  then 

P  >  J 


/  M  . (xX^ } )  M  . 
q  P>J  k  p,p-l 


Alj)-xAlj) 


dx  =  / 


0 


-M'  .  (X.(j)) 

_ P».1  k 


,  a  +  k 


,  l  =  k 


Remark  2 .  By  Lemma  5.1,  a  formal  expansion  of  a  function 


f(x)  can  be  written  down 


(5.5)  f(x)  =  l  a  M  ,(xA  ) 

k=  2_  ^  P  » P  R 

1 

where  ak  =  /0  f(x)Mp>P-i(Ak-xAk)dx 

However,  regarding  the  convergence  problem,  we 

know  from  a  result  of  Ward  [33]  that  the  right  side  of  (5.5) 

converges  uniformly  to  f(x)  for  0  <  x  <  x^  for  any 

x  <  1  if  f(x)  is  of  the  form  f (x)  =  xP  ^ (x^)  where 
o 

ii(xP)  is  a  convergent  power  series  in  xP  .  Since 
Cq(x)  =  xp  ^  is  of  this  form,  and  since  it  is  easily 
verified  that 


(5.6) 


/ 


0 


xP  ^ M  ..  (X,  -xX1  )  dx  = 

p,p-l  k  k  X, 


we  have  the  convergent  expansion 


co(x)  = 


00  M  ,  (xX,  ) 

y  p»p-i  k 

"p,  X.M  9(X.) 

k= 1  k  p  ,  p- 2  k 


(0  <  x  <  x  ) 
o 


(5.7) 


((  . }  >M-  *  *b 


.£)  sbia  3rfgi:r  sril  ierfd  [£C]  b?sW  *o  iluaai  &  cioil  won^ 
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Obviously,  since  Cn(l)  =  1  and  since  M  ,  (A,  )  =  0 

U  p ,  p-1  k 

(k  =  1,2,...),  the  right  hand  side  of  (5.7)  cannot  converge 


to  Cq (x)  at  x  =  1  . 


Now  C  (x)  satisfies  the 
pn 


differential  system  (4.6)  with  d>(x)  =  C  ,  ,  .  (x)  .  Thus, 

p (n-1) 

we  have 


(5.8) 


Cpn(x)  "  (-l)”'1?  I 


M  (xA,) 

p  i  p-1  k 


k=1  Mp;p-2(Xk>(Xk> 


pn+1 


Since  C  (1)  =0  (n  =  1,2,...)  ,  by  a  theorem  of  Ward 

([33] ,  Theorem  4)  the  right  side  of  (5.8)  converges 

uniformly  to  C  (x)  in  0  <  x  <  1  . 

pn 


6.  Es  t ima t es  on  the  Fundamental  Polynomials . 

It  is  our  object  to  show  here  that  for  large  n 
the  first  term  in  the  formal  expansion  of  the  fundamental 
polynomials  {Cpn(x)}  and  (Apn+j (x) }  (j  =  0,l,...,p-2) 
in  terms  of  the  eigenfunctions  Mp  p  ^(xA^.)  serves  as  a 
good  approximation  to  these  polynomials  for  0  <  x  <  1  . 

However,  the  formal  eigenfunction  expansion  of  these 
polynomials  may  not  necessarily  converge  to  the  polynomial 
on  0  <  x  <  1  (see  Ward  [33]). 

In  the  remaining  sections  of  Chapter  I,  we  use 
B  to  denote  suitable  constants  (not  necessarily  the  same), 
which  are  independent  of  n  and  x  ,  (0  ^  x  ^  1) ,  unless 


otherwise  stated. 


o3  \Lmio^lau 


l£  Ton  ioq  O.f?  03  S£  3  03  \  :i'IS  !83..9C  3  011  Yer  £l  -  vioq 


92u  9’v  ,1  id:rqBrfO  lo  8iioJk3o  -a  affjtnl  itsi  9rf  a  I 
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Lemma  6.1.  For  0  <  x  ^  1  ;  n  =  0 , 1 , . . .  have 


(6.1) 


(-l)n+1c  (x)  - 

pn 


pMP.0-l(xAl) 


Mn  n  ,(A  )(A  ) 

p  ,  p-2  1  1 


pn+1 


B 


(x2> 


pn+1 


(6.2) 


n 


(  Apn+j 


pM  .  (X  )  M  (xX  ) 

P»-1  1  P»P~1  1 

M  (A  )(A  )pn+j+1 

p  ,  p  -  2  1  1 


B 


Ai+A2 


pn+1 


2 

(j  =  0,1,  .  .  .  ,p-2)  . 


Proof.  From  (5.8)  we  have 


n+1 


pM  (xX  ) 


pn 


(x2) 


pn+1 


B 


(A2) 


lx; 

M 

F 

00 

v 

A2  | 

|Pn+1  \.n-l(xV 

L 

k=2 

X. 

k 

M  9(X,) 

p  ,  p  -  2  k 

00 

X. 

pn+1 

v 

2 

B 

L 

c=  2 

X. 

k 

'  (A2)pn+1 

by  (2.5)  and  since  it  is  easily  shown  from  (2.2)  that 


M  (xX,  ) 

p  ,  p- 1  k 

M  9(X.) 

P.P-2  k 


<  B  (0  <  x  ^  1  ;  k=  2,3,...)  .  This 

o 


proves  inequality  (6.1). 


X 


Consider  the  circles  V  :  t  =  r  -  r  and 

o  z  o 

r.:|t|  =  ■|(A1+A2)  =  r  1  where  Ax  and  A2  are  defined  by 


(2.3). 
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Define 


(6 


*3  \ 
•  ->  / 


A  ,(x)  =  I  t  pn  . (x , tP ) d t 

pn+j  ,k  2 tt i  j  pk  j  * 


(0  <  x  <  1  ;  k  =  0,1)  ,  where  ¥  (x,tp)  (j  =  0,l,...,p-2) 

is  defined  by  (2.12).  Thus  we  have  A  ,  .  _(x)  =  A  „(x) 

pn+j , 0  pn+j 

and  since  ^(t)  is  uniformly  bounded  away  from  zero 

when  teT,  we  have 


(6.4) 


A  .  , (x) 
pn+j  ,  1 


1  f  -pn-j-1 

2 it i 


Nn  , (t)  N  (xt) 

N  (x  t)  -  p  — P  ?  P — = - 

P-3(  ’ °  NP,P-i(t) 


dt 


<  i-  f 

9  TT  J 


2  TT 


(1+ | x | ) r  1 


d0 


B 


21T  0  (r.)Pn+^  +  1|Nn  .(r.e10)!  ‘  (r.) 

1  P  ,  P“1  1  1 


pn+j 


( 0  <x< 1 ) 


-pn-1 


It  is  easily  verified  that  the  residue  of 

1 

V+*r 

¥  (x,tp)  at  t  =  oo  A^  (v  =  0,1,  ..  .  ,p-l)  is 


(6.5) 


R  i  (X)  = 
n  >  J 


(-l)n+iM  (X  )  M  (xX  ) 

P<1  1  P  »  P  1  1 


M 


,(X.)(X1)Pn+J+1 

,p-2  1  1 


Therefore,  we  have 


(6.6) 


A  .  .  -i  ( x )  -  A  (x)  =  pR  (x)  . 

pn+j , 1  pn+J  n  >  3 


Using  (6.5)  and  (6.6)  we  have 


(6.7) 


pM  (A.. )  M  ,  (xA - ) 

p».i  l  p  i  .p-i  L 


(-1)nAPn+j(x)  '  „  pn+j+l 

p  ,  p-2  1  1 


A  ,  (x) 

pn+j , 1 


. 


(1.x) 
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Then  (6.2)  follows  from  (6.7)  and  (6.4). 


Remark .  It  should  be  noted  that  if  the  same  techniques  that 
are  used  to  prove  inequality  (6.2)  are  applied  to  the 
polynomials  C^^(x)  ,  then  the  inequality 


(-l)n  1c  ( x )  - 

pn 


PM  , (xA  ) 
P  «  P~ 1  1 


M 


p,p-2  1 


(A1)(A1) 


pn+1 


B 


(ri> 


pn+1 


is  obtained.  However,  using  (5.8),  the  better  estimate  (6.1) 
is  obtained. 


Lemma  6.2.  There  exist  constants  B  such  that  for 


O^x^l;  n  =  1 , 2  ,  ,  .  , 


(6.8) 


0  <  (-l)nC  (x)  <  — — 

pn  (A  ) pn 


(6.9) 


n 


0  £  (-X)  Apn+j(x)  £ 


B 


( A  x  ) 


pn 


( j  =0 , 1 ,  .  .  .  ,  p-2 ) 


Proof.  From  (6.1)  we  have 


n . 


0  <  (-1)  C  (x)  < 
pn 


B 


(*2> 


pn+1 


pMd.d-i(kXi) 


M 


p,p-2  1 


(A, )  (A,  ) 


pn+1 


B 


(Ax) 


pn 


Since  A,  <  A0  ,  and  M  n(xA.)  is  uniformly  bounded  for 

1  2  p , p- 1  1 

0  <  x  <  1  .  We  get  (6.9)  similarly  from  (6.2). 


,f  .  03  -dilq  «  (S.d)  y 3  •'  t  3  q  o3  b  u  el* 


(e.d) 
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Lemma  6.3  For  any  fixed  x  such  that  0  <  x  <1  there 
-  -  - -  0  -  -  o  - 

exist  constants  B  such  that 


(6.10) 


(-Dnc  (X  )  >  — 2— 
pn  o  -  (  pn 


(n  =  l  ,  2  ,  .  .  .  ) 


(6.11)  (-l)nA  (x  )  >  - ( j  =0 , 1 . p-2  ;  n=l ,  2  ,  .  .  . ) 

pn+J  °  “  (x1)pn 


Proof  .  We  shall  prove  (6.10)  .  From  (6.1)  we  have 


(-1 ) n_1C  (x  )  M  ,(A.)(X  )pn 
pn  o  p  ,  p- 2  1  1 


(6.12) 


lim 

n->-°° 


M  (x  X  1  ) 

p,p-l  o  1 


_E 

X. 


from  which  (6.10)  follows  easily.  The  proof  of  (6.11)  follows 
in  an  analogous  way. 


Lemma  6 , 4  For  0  <_  1  ,  n  -  1,2,...  we  hav  e 

1  B 

(6.13)  0  <  (-l)n/  K  (x  ,  t )  d  t  <_  - — 

o  n  (x1)pn 

where  Kn(x,t)  is  defined  by  (4.9)  and  (4.5)  . 

Proof  .  Since  AQ(x)  +  CQ(x)  =  1  we  have 

0  ^  (-1)11/1  K  ( x ,  t )  d  t  =  ("1)n[Apn(x)  +  cpn(x)]  and  (6*13) 

0  n  P  P 

follows  at  once  from  Lemma  6.2. 


•  i  a  t 
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7.  Estimates  for  W  -convex  Functions.  Proof  of  Theorem  II. 
- p - - 

Lemma  7 . 1  (Hadamard).  I  f  g(x)  belongs  to  C^P^(I)  where 
I  i s  a_  closed  interval  o f  length  a  and  i f 

(7.1)  |g(x)|  <  Mq  ;  |g(p)  (x) |  <  Mp  ,  x  e  I  , 

then  throughout  the  interval  I 


(7.2)  |g(:i)  (x)  |  < 


[a  ^ M  + 


a 


P"3 


M  ] 
P 


(l<j<p-l) 


For  a  proof  of  this  Lemma  see  [10] ,  p.  13.  We  shall  now 


prove 


Lemma  7 . 2 . 
sufficiently 

(7.3) 

(7.4) 

where  A  = 


If  f  is_  W^-convex  on  0  < 
large  k  we  have 

(_l)kf(pk)(i)  s  B(Xi)pk 

(-l)kf  (pk+J)(0)  <  B(X1)pk 
^ i_s_  defined  by  (2.5) 


X 


<  1  then  for 


(j  —  0,1,..., p  2) 


Proof .  From  the  definition  of  W^-convex  functions  and 
Lemma  4.2  every  term  on  the  right  hand  side  in  (4.11)  is 
nonnegative  so  that 

0  <  f (pk) (1)C  .  (x)  <  f (x) 

pk 

0  <  f (pk+3 )  (o ) Apk+j  (x)  -  f(x)  ( j =0 , 1 ,  .  .  .  ,  p-2)  . 

If  we  choose  x  =  and  apply  Lemma  6.3  to  the  above 

inequalities  we  have  (7.3)  and  (7.4). 


. 


?®|  ,  i  c x >  8 1  (S.n 


3  Z  .  d  s/n  !9J  yJ  ;  qs  b  fc 
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Lemma  7.3.  If  (i)  f(j)(0)  >0  (j  =  l,2,...,p-2)  ,  and 
(ii)  f ( x )  >  0  ,  -f  (p)(x)  >0  (0  <  x  <  1)  then 


(7.5) 


f(x)  >  f(x  )  X 
o 


p-1 


(0<x<xq)  , 


(7.6) 


f (x)  >  f (x  ) ( l-xP  1) 

o 


(x  <X<1) 
o 


Proof .  Setting  n  =  1  in  (4.11)  and  replacing  the  node  1 


by  x  (0  <  x  <  1)  yields 
o  o 


P"  2 


(7.7)  f(x)  =  'l  f (j) (0)A. 

j  =0  3 


X 


X 

o 


+  £(xo)C0 


X 


X 

O  I 


+  R(f ,x,xq) 


where  C^(x)  and  (x)  (j  =  0,1,. 

(4.4)  and,  by  Peano's  theorem  [12] 

x 


.  .  ,p-2)  are  defined  by 


R ( f , x , x  )  =  /  K  (x,x  ,t)f 

0 


(p) 


(t)dt  with 


(p-1) !K1 (x,xq , t)  =  (x-t)P  1  -  (xQ-t)P  1 


X 


X 


p-1 


o 


(0<x<x  ;0<t<x  ) 

o  o 


Using  (ii)  of  the  hypothesis,  it  is  easily  seen  that  all  the 
terms  on  the  right  side  of  (7.7)  are  nonnegative,  and  we 


have  (7.5). 


To  obtain  (7.6)  we  define 


(7.8) 


L  ( f )  =  f  (x)  - 


f ( x  )D  (x)  +  f ( 1 ) D  (x)  + 
O  U  1 


p- 2  ... 

+  J  fU;(0)E.(x) 
j=l  J 


=  R  (f , x , xq ) 


where  for  x  <  x  <  1  ,  we  have 

o 


+  (x)  a(i)i  +  (x)(  a<  K)1 
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(7.9) 


D0(X)  = 


1-x 


p-1 


1-x 


p-1  p-1 

X  _ x 

_  ,  °  ;  Dl(x)  =  -  i  0 


j ! E  (x)  =  xJ  -1  + 


1-X: 


o 


1-x 


p-1 


1  —  X 


( 1  —  x P  1)  >  0 


It  is  easily  verified  that  L  (P)  =  0  for  all 
polynomials  P(x)  of  degree  <  n-1  .  Again,  using  Peano's 

theorem  [12]  we  have 

(7.10)  R*(f,: 


x  ) 

X 

=  / 

k 

K  (x,x  , 

Of  (p) 

(  t )  d  t 

o 

0 

o 

t)  = 

k 

L  [( 

x-t)P_1] 

<  0 

for  x 

<  X 

< 

X 

+ 

o 
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***) 

and  with 

k 

L 

def ined 

by 

(7 

Using  (ii)  of  the  hypothesis  it  can  be  easily  seen  that 

k 

R  (f,x,x  )  ^  0  .  So  from  (7.8)  and  (7.9)  we  have 

(7.11)  f(x)  =  f(x  )D  (x)  +  f(l)D  (x)  + 

O  U  1 

p;2  (i)  * 

+  l  f ( 0  )  E  .  (x)  +  R  (f  ,x,x  ) 

3=1  J 

Where  every  term  on  the  right  side  of  (7.11)  is  nonnegative 
Therefore,  inequality  (7.6)  is  established  and  this  proves 
the  lemma. 


Lemma  7.4.  If  (i)  f(j)(0)  >0  (j  =  l,2,...,p-2)  ,  and 

(ii)  f ( x )  >  0  ,  -f^P^(x)  >0  (0  <  x  <  1)  ,  then  for 

1 

0  <  a  <  b  <  (-jJP  w_e  have 


bP-aP  a 


J  f  (  x  )  d  x 


(7.12) 


f(x)  < 


(a<x<b)  . 
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Proof  .  Let  f (x  )  =  max  f(x)  .  Then  from  (7.5)  and  (7.6) 

0  a^x<b 

we  have 


/  f (x)dx  >  f (x  ) 


/  xP  "'"dx  +  j  (l-xP  ^)dx 

X 


l  a 


=  f(x  ) 
o 


b- 


2b 


bP-aP 


2x 

< 

x - 

o  p 


^  f(x  ) 
o 


,  p  p 
b  -ar 


.  2xK.  .  .  _  _  /  1  \  p-1 

since  x  -  -  is  increasing  for  0  <  x  <  '  — 


8.  Proof  o f  Theorem  II. 

Using  the  properties  M  ..  (xA  )  and  using 

p  ,  p  —  1  ± 

integration  by  parts  we  obtain 


Pi 2  *(j) 


/  £(x)M  (A  -xA  )dx  =  -  l  - - M 

0  P’P'1  1  1  A1  j=0  ( A 1 )  -1  +1  P’J 


(A1) 


1  1_ 

1A1 


P  1 


/  f^P^(x)M  -  ( A . -xA - ) dx 
0  P,P"1  1  1 


where  A,  is  defined  by  (2.5).  Since  f(x)  is  W  -convex 
1  P 

f(l)  >  0  ,  f(j)(0)  >  0  and,  by  Lemma  2.1,  M  . (A  )  <  0 

P  »  J 

(j  =  0,...,p-2)  ,  we  have 


(8.1)  /  f  (x)M  -i  (A1-xA1  )  dx  > 
J0  P.P-1  1  1 


A 


11 


P  1  /  N 

/  f^p;(x)M  .(A  -xA.)dx 
0  P,P-1  1  1 


From  the  definition  of  W  -convex  functions,  it  is  obvious 

P 

that  -f^P^(x)  is  also  W^-convex  so  that  on  successively 
using  the  inequality  (8.1)  we  have 


.(£.£)  fasnulftb  ei 
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(-1) 


ixi 


pk  1 


/  f(pk)(X)M 


-j  (X  _ - xX .  )dx 

p , p- 1  1  1 


s  /  f (x)M  . (X  -xX  ) dx  i 
n  p  ,  p-1  1  1 


If  0  <  a  <  b  <  Hr 


(-1) 


1 

1  ‘  P-1 
2 


then  a  fortiori 


^ipk|b  f(pk) 


( x ) M  ,  (X. -xX- )  <  A 

p , p-1  1  1  p 


Elementary  geometric  considerations  show  that 


min  M  .(X.-xX.)  =  D  >  0  ,  so  that 
aixsb  p’p_1  1  1 

,  b  ,  .  A  (X.  ) 

(-l)k/  f(pk)(x)dx  <  -P  D1 
a 


pk 


Hence,  by  Lemma  7.4,  we  have 


(8.2) 


pA  (X  ) 


pk 


(-l)kf  (pk>  (x)  <  - 

(bP-aP) D 


( a<x<b ) 


From  Lemma  7.1  we  see  that  for  j  =  0,l,...,p-l 

f  (pk+j  )  (x)  _  oJ(X^)P^|  uniformly  in  [a,b]  ,  as  k  -*■  00 

Thus,  we  have  f^n^(x)  =  o|(X^)n|  uniformly  in  [a,b]  , 

as  n  -*  00  ,  which  shows  that  f(x)  is  entire  and  of 
exponential  type  <  X^  ,  which  completes  the  proof  of  the 
first  part  of  Theorem  II.  The  second  part  of  Theorem  II 
follows  from  Theorem  I. 

An  interesting  consequence  of  Theorem  II  is  the 


following : 


.  C  maiodrfT  moil  awollo* 
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Corollary  8.1.  I f  f(x)  =  £  a  xn  where  the  coef f icients 

n  =  0  n 


are  real  and  such  that 
n  =  0,1,...)  and 


(-l)na  ^  >  0 

pn+V 


(8.3) 


1 

11m  |  in  _ 

_  a  >  0 
n->°o  1  n 1 


9 


(V 


0,1 


,p-2 ; 


then  in  any  interval  0  <  x  <  6  ,  however  small ,  there  is 

s  ome  n  such  that  one  o  f  the  derivatives  o  f  order 
pn ,  pn+1,  ...»  pn+p-2  changes  sign. 


Proof .  Suppose  no  such  n  exists.  Then  f  is  W^-convex 
on  0  <  x  <  6  ,  hence  entire,  which  contradicts  (8.3). 

Remark .  If,  in  Theorem  II,  we  consider  the  case  p  =  3, 

then  for  f(x)  =  e  CX  (c  >  0)  we  have  (-l)kf^k^(x)  >  0 

(-1 ) kf (3k+l ) (a)  <  o  ,  (k  =  0,1,...)  ,  so  that  condition 

(iii)  cannot  be  waived  in  the  definition  of  W^-convex 
functions . 


'W*  The  inequality  for  K  (x,x^,t)  on  page  38  follows 

from  Theorem  II  of  Birkhoff  (Trans.  A.M.S.  7_  (1906) 


107-136)  . 


•  '  '  !. 

(...,1,0  *  u 


(3  ,  k, x)  X 
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9.  The  (p,L)  Series  and  W  -Convex  Functions.  Proof  of 

p - - 

Theorem  III. 

We  shall  use  the  following  theorem  in  §10  to  obtain 
necessary  and  sufficient  conditions  for  representation  of  a 
function  by  a  (p,L)  series. 


Theorem  9 

.  1. 

If. 

the  series 

(9.1)  c 

oco ( 

x) 

+  aoV 

x)  + 

converges 

for 

a 

single 

value 

converges 

uniformly  in 

0  < 

Fur  thermor e , 

the 

series 

(9.2) 

OO 

I 

(-l)n 

c 

n 

=  0 

pn 

converges 

and 

we 

have 

x 

o 


< 


j=0 


+  a  0  A  (x)  +  cC(x)  + 
p  —  2  p  —  2  PP 

(0  <  x  <  1)  then  it 
o  -  - 

1  to  a  function  f(x)  . 


M 


(A1)J 


pn+3 


(9.3)  f(pk)(x)  =  cpkCQ(x)  +  apkAQ(x)  +  ... 


4*  a  i  .  0 A  0(x)  +  c,  ,1UC  (x)  + 

pk+p-2  p-2  (p+1 ) k  p 


for  0  <  x  <  1  . 


Proof  .  With  suitable  modifications,  the  proof  follows 
Widder's  method  for  the  case  p  =  2  ,  (see  [38]; 

Theorem  5.2,  p.  392). 


Now  we  give  some 


results  for  W  -convex  functions. 

P 
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Lemma  9.1.  I f  f  (x)  i_s_  W  -  convex  in  0  <  x  <  1 


then  there 


i s  a_  constant  M  such  that 

/ 


0  <  (- 1 ) kf (pk) (x)  <  B 


X 


x 


pk 


(9.4) 


< 


0 


<  ( - 1 ) kf (pk) (x)  <  B 


lx 


1-x/ 


pk 


(9.5) 


F(pk)  (0)  =  o(xipk) 


^  F(pk)(l)  =  o(A1pk^ 


Hence  we  have 


(k  -*•  °°) 


If  f(x)  is  W  -convex  on  a  <  x  <  b  ,  then 

P 

F(x)  =  f (a+bx-ax)  is  W  -convex  on  0  <  x  <  1  .  Thus  by 

P 

Theorem  II 


(k  -*  00 ) 


(9.6) 


F(pk)(0) 


=  £(Pk)(a)(b-a)pk  =  o(A1pk' 

F(pk)(l)  =  f  (pk)  (b)  (b-a)pk  =  0(A1pk)  (k 
First,  set  a  =  0  ,  b  =  x  <  1  ;  then  set 


a=x>0,  b=l  to  obtain 


(9.7) 


0  <  (-l)kf (pk) (0)xpk  <  BXxpk 
0  <  (-l)kf (pk) (1) (l-x)pk  <  BX1 


pk 


which  gives  (9.4). 
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Proof  of  Theorem  III. 


Using  (9.6)  we  have 


f (pk)  (x)  |  <  B 


(X 


Vb-xj 


pk 


where  A  ^  is  defined  by  (2.5).  Since 
c  such  that  b-c  >  1  .  Thus  we  have 


b-a  >  1  , 


(a<x<b ) 
we  choos 


Setting 


so  that 


f(pk)(x)|  SB 


A 


b-c 


pk 


b-c 


=  q  and  applying  Lemma  7.1  yields 


(a^x^  c ) 


f  C  p  k-h  j  )  ( x  )  |  <  Bqpk  (a<x<c;  j = 1 , 2  ,  .  .  .  , p- 1 ) 


f  (n)  (x)  =  0(qn) 


(n 


oo 


uniformly  in  a  <  x  <  c  .  Therefore  f(x)  is  entire  of 
exponential  type  q  <  A^  .  This  completes  the  proof  of 
Theorem  III . 


10.  Minimal  W  -Convex  Functions. 

-  p  - - 

In  order  to  obtain  necessary  and  sufficient 

conditions  for  a  (p,L)  series  representation  we  introduce 

the  class  of  minimal  W  -convex  functions  (see  Definition  3) 

P 

Examples  of  minimal  W^-convex  functions  are 

f ( x )  =  0  and  g(x)  =  M  , (x)  .  For  the  function  g(x) 

P  ,  p-1 

choose  any  e  >  0  and  x  (0  <  x  <  1)  Then 
3  o  o 


'(-1)n[Mp.p-l(I)-  eMp,p-lal)](pn) 


X  =  X 


=  M  (x  )  -  £ ( A  ) pnM  (x  A  )  <  0  , 

p,p-l  o  1  p,p-l  ol 


for  sufficiently  large  n 


.  0  *  ‘iV’lW  (XX)3  '  (oX)I-q.qM 
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Theorem  10.1.  If  the  series 


00  p-2  M  .(A  )  00 

(10.1)  l  (-l)nc  C  (x)  -  l  p » 1  . 1  l  (-l)na  A  .  (x) 

n  =  0  P"  P"  j  =0  (X1)3  n  =  0  Pn+1  Pn+1 

Cpn  2  0  ;  apn+j  20  (l  =  O’1----.?-2;  n  “  0,1,...) 

converges  to  f  (x)  ,  then  f(x)  ijs  a_  minimal  W^-convex 

function  on  0  <  x  <  1  . 


Proof  .  We  know  from  Theorem  9.1  that  if  (10.1)  converges 
for  a  single  value  of  x  ,  it  converges  uniformly  in 
0  <  x  <  1  .  Differentiating  (10.1)  pk  times  using  (4.8) 

and  (4.10)  we  have 


OO 

(-Dkf(Pk)(x)  =  l  (-l)ncp(n+k)Cpn(x) 


n  =  0 

p-2  M  . (X, )  » 

"  P'J  -1  I  (- 1 ) na 


I 

j-0  (X1) 


n  =  0 


p (n+k ) +j  pn+j 


.A  1  •  ( x )  —  0 


for  0  <  x  <  1  ,  and  from  Lemma  2.1 


1  /  1  1  ■  \  M  .(A,) 

(_Dk  (pk+j)  .  _  P,.1  1  a  .  •  -  0 

(X,  )J  pn+1 


( j  =0 , 1 ,  .  .  .  , p-2 ) 


Thus,  f (x)  is  Wp-convex  on  0  <  x  <  1 
have  (-l)kf  ^pk')  (x)  <  B(A1)pkTk  where 


By  Lemma  6 . 2  we 


OO 


Tk  =  ^ 

n  =  k 


p-2  M  . ( A  ) 

_  r  _EjJ - L_  a 

pn  tin  Pn+J 


j-o  a1);l 


A 


-pn 


From  Theorem  9.1,  the  power  series  (9.2)  converges 


absolutely;  therefore,  T  0  as  k  +  °°  .  For  a  given 


- 


(I.  01)  i  tfriJ  I  .  f>  9iO‘.  g:  ;  '  2  i  ...  I 

avsri  9w  (01. £)  bns 
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£  >  0  and  (0  <  <  1)  there  exists  an  integer  k  , 

sufficiently  large,  such  that  BT.  -  eM  , (x  A,)  <  0  . 

k  p  ,  p  - 1  o  1 

In  other  words  (-l)k[f(x)  -  eM  1(xX1)](pk)  <  0  at 

p , p-1  1 

x  =  x  •  Hence,  f(x)  is  minimal  W  -convex  on  0  <  x  <  1 
0  P 


Lemma  10.1.  If  (i)  f(j)(0)  >0  (j  =  l,2,...,p-2)  , 

(ii)  f ( x )  >  0  ,  -f^(x)  >  0  for  0  <  x  <  1  and  if 

(iii)  f (x_ )  >  £  ^P7  \  ?  (A, )P  ^  for  some  x  (0  <  x  <  1) 

o  (p-1):  1  -  -  o  o 

then 


(10.2) 


f (x)  >  eM  ,  (xA  ) 

P  ,  p- 1  1 


(0<x<l) 


Proof .  From  (7.5)  and  (iii)  of  the  hypothesis  we  have 


(10.3) 


f ( x )  >  f  ( x q ) x P  1  >  £ (p-1) ’  (x^! ) P  1  (0<X<XQ) 


From  (10.3)  it  is  clear  that  inequality  (10.2) 


holds  for  0  <  x  <  x  if  we  show  that 


(10.4) 


(xX  ) P  1 

,  -,n»-  ^  M  .  (xA.  ) 

(p-1) :  p  ,p-i  l 


( 0 <x<x  ) 
o 


Since 


M  (xA  ) 

p,p-l  1 


(xA1 ) 


p-1 


(xX.^ 


2  P-  1 


(xA  i ) 


3p- 1 


(p-1)!  (2p-l)! 


( 3P- 1 ) : 


inequality  (10.4)  is  equivalent  to 


(10.5)  0  >  -(XX1)2p'1tp(x)  ;  tp(x)  =  (-pl'i—  - 


(xX^ 


3p- 1 


(3P-i) : 


ts  0  >  q  [(  X x )  M3  -  (x)i]  (I-)  ib^o  ;  nl 


avfiri  9  w  a  J:  serf.}  oqvri  9rf3  5o  (  1 )  >n&  (£.^  woi' 


( -  .01)  Tf^llsu  ionl  ifiiilo  si  3i  .  <  i  oii 


(X-q£) 


Using  (2.6)  we  have  for  0  <  x  <  x 


(10 .6) 


( xA  ^  )  P 


( 2p- 1 )  !  ( 3p- 1) !  "  ( 2 p- 1 ) ! 


1  - 


( 2 P- 1 ) :  (A1)p‘ 


(  3p- 1 )  ! 


>  0 


since  1  (3p-l)?  (p-1)  !  >  °  ’  (p  2,3,...)  . 


Then  by 


pairing  the  terms  of  the  series  t^(x)  and  using  the  known 

estimate  (2.6)  we  see  that  t  (x)  >0  (O^x^x)  so 

P  ° 

that  inequality  (10.2)  holds  on  that  interval.  If  xq  =  1 

there  is  nothing  else  to  show.  Therefore,  suppose 

0  <  x  <  1  .  From  (7.6)  and  (iii)  of  the  hypothesis  we 

o 

have 


(10.7)  f  (x)  >  f  (x  )  (1-x^  *)  > 

o 


_1%  e(3p-l)(X1)p  1  (l-xp  1) 

(p-D : 


e(3p-l) (X1)p'1(l-x) 


(p-D  : 


(x  <X<1) 
o 


To  prove  the  lemma  it  is  enough  to  show  that 


(10 .8) 


(3p-l)(X1)P  1(l-x) 
(p-d: 


>  M  (xA  ) 

p,p-l  1 


Equivalently  we  shall  prove  that 


(10.9) 


(p 


3p  ( A n )P  Xx  >  M  (A  -xA  )  (0<x<l) 

p-1) !  1  P ,P"1  1  1 


Since  both  sides  of  (10.9)  vanish  at  x  —  0  it 


is  sufficient  to  show  that 


( 3P~ ( a  )P  1  >  max  [-A  M  (A  -xA  )]  = 

(p-1)  !  K  1  P  >P-2  1  1 


0<x<l 


-A.M  9(^t) 

1  p  ,  p-2  1 


. 


(d.OI) 
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Now 


T^-T-fr U , ) p " 1  -  x.m  ,(Xn) 

vp- 1)  .  l  1  p ,  p- 2  1 


(X1)p 


2 (2p-l) 

(p- 1 ) :  (2p-2)  ! 


00 


I 


(Xx) 


pn+p- 1 


xp-i  + 

1  ni2(pn+p_2): 


(pn+p-2) ! (X1)P 


(pn+2  p- 2 ) ! 


-  1 


>  0 


where  we  use  the  bounds  for  (X^)p  given  in  (2.6).  This 
completes  the  proof  of  Lemma  10.1. 


11.  Representation  o  f  F  unc  t ions  by  (p,L)  Series . 

We  now  give  a  sufficient  condition  for  representation 
of  a  function  by  a  (p,L)  series. 


Theorem  11.1.  I f  f(x)  i_s  minimal  W^-convex  on  0  ^  x  <  1 
then  i  t  can  b  e  expanded  in  a_  convergent  (p,L)  series  . 


Proof.  Let 


(11.1)  S  (x)  =  l  [f(pk)(l)c  (x)  +  f(pk+j)(0)A  (x)] 

n  k=0  P  j-0  P  J 


Since  f(x)  is  W  -convex,  we  have  from  Lemma  4.1  that 

P 

S  (x)  <  f ( x )  (0  <  x  <  1;  n  =  0,1,...)  where  S  (x)  is  a 

n  n 

nondecreasing  function  of  n  for  each  x  .  Thus 
S  (x)  g(x)  (say)  as  n  +  00  .  We  shall  show  that 


n 


g ( x )  =  f ( x )  .  For,  if  g(x)  4  f(x)  ,  then  for  some 

in  [0,1]  ,  f  (x  )  -  ““  Sn(xQ)  =  6  >  0  and 


X 


(11.12)  f(xQ)  "  Sn(x0)  =  fQKn(Xo’  t)f  (t)dt  ~  6 


(n=l , 2 , . . . )  . 
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Since  f(x)  is  minimal  W  -convex 

P 

f(x)  -  £Mp ^ p_^ (xA^)  is  not  Wp-convex  for  any  e  >  0  .  But 

we  have 


(-l)n[f(x)  -  £Mp  p_1  (xX1)  ]  (pn+j  ^  =  ( -  1 )  n  f  (pn+^  (0)  > 


0 


x  =  o 


(j  0,1,..., p-2;  n  -  0,1,2,...)  .  Therefore,  choosing 

(p-1)  16 


£  < 


B ( 3p- 1 )  (A1)P 


3Y  where  B  is  the  constant  of  Lemma  6.4, 


there  exists  an  integer  n  and  an  x  (0  <  x  <  1)  such 

o  o  o 


that  (-1)  f 


n  (pn  ) 


o_  -  o' . pno 


(xq)  -  e(A1) 


M  . (x  X  )  <  0  .  Thus , 
p  ,  p- 1  o  1  * 


using  Lemma  10.1  we  nave 


n  (pn  ) 


_  eOp-DCA.) 

(-1)  °  (x)  <  -  1 


pn  +p-l 


(P-1) ! 


(0<x<l) 


Hence  by  Lemma  6.4 


(pn  ) 


(11.3)  /  K  (x,t)f  °(t)dt< 


EB(3p-l) (X1)p  1 


n  n  o 
0  o 


(p-1) • 


<  6 


contradicting  (11.2).  Thus  our  assumption  that 
g(x)  1  f (x)  is  false,  which  proves  the  theorem. 

Now  we  are  able  to  prove  Theorem  IV  (§1)  which 
provides  us  with  necessary  and  sufficient  conditions  for 
representation  of  a  function  by  an  absolutely  convergent 
(p , L)  series  . 


Proof  o f  Theorem  IV. 

(Sufficiency)  Let  f(x)  =  g(x)  -  h(x) 

and  h ( x)  are  minimal  W  -convex  on  [0,1] 

P 


where  g(x) 
.  Thus  ,  by 


Theorem  11.1 


<  x )  K  3  -  ( x )  i 
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00 


g(x)  =  l 
n  =  0 


00  - 


h(x)  =  £ 

n  =  0 


2 

h(pn) (l)c(x)  +  Pj  h(pn+j)(0)A  (x) 

P11  jIq  P  n  +  J 


Since  each  series  contains  only  positive  terms,  their 
difference  is  an  absolutely  convergent  (p,L)  series  whose 
sum  is  f (x)  . 


(Necessity)  Assume  that 


00 


(11.4) 


f(K)  =  l 
n  =  0 


P"2 

c  C  (x)  +  y  a  A  ,.(x) 
pn  pn  pn+j  pn+j 


where  the  series  converges  absolutely  in  the  sense  that 


00 


each  of  the  series  £  c  C  (x)  ;  £  a  A  (x) 


n  =  0 


pn  pn  n^Q  pn+j  pn+j 


(j  =  0,l,...,p-2)  converges  absolutely.  Set 


00 


g ( x )  =  l  (-l)n 

n  =  0 


pn  '  pn 


pv2] 

C  (x)  +  l  |a 


j=0 


.  .  |  A  ,  .  (x) 
pn+j  pn+j 


h ( x )  =  l  (-1)" 

n  =  0 


{ | c  |  -  (-l)nc  )C  (x)  + 
1  pn  1  pn  pn 


p  -  2 

+  y  { | a  .  |  -  (-i)nann+^Ann+^x) 

j=0  Pn+J  Pn+J  Pn+3 


Both  of  these  series  converge  since  (11.4) 

converges  absolutely  and  every  term  of  these  two  series 

is  nonnegative.  Thus,  by  Theorem  10.1,  g(x)  and  h(x) 

are  minimal  W  -convex,  and  f(x)  =  g(x)  -  h(x)  .  This 

P 

completes  the  proof  of  Theorem  IV. 


.  ,79^9VnOD  0  n  '*  hD  I  tib 
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12 .  Cone lus ion . 

Boas  [6]  has  pointed  out  that  Widder's  condition 
(see  [38] ,  p.  398)  for  a  real  function  to  be  represented  by 
an  absolutely  convergent  Lidstone  series,  while  necessary 
and  sufficient,  is  not  always  easy  to  apply.  Here  we 
state,  without  proof,  a  generalization  of  a  result  of  Boas 
(see  [6];  Theorem  IB).  This  result  gives  a  necessary 
condition  for  representation  of  a  function  by  an  absolutely 
convergent  (p,L)  series  in  terms  of  the  growth  of  the 
function  in  the  complex  plane. 

Theorem  12.1.  If  the  (p,L)  series  of  f(z)  converges 
absolutely  to  f  (  z )  then 

|  z  |  X 

f(z)  =  o(e  )  (  |  z  |  00 ) 

where  X.^  =  is  defined  by  (2.5). 

The  proof  depends  on  two  lemmas  which  are  based 
on  the  method  of  Boas  and  will  be  given  elsewhere. 


.^Iqqfi  oi  yes9  ayewlo  3on  at  «  3fld  i.Di  i lira  fans 
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CHAPTER  II 


AN  ANALOGUE  OF  COMPLETELY  CONVEX  FUNCTIONS 


1 .  Introduction . 

In  this  chapter  we  consider  the  infinite  interpo¬ 
lation  problem  with  periodic  interpolation  conditions 
defined  by  iterating  the  incidence  matrix 


(1.1) 


10  0 
Oil 

U  0  0 


0  0\ 
1  0 
0  ol 


with  nodes  -1,  0  and  1  ,  where  p  is  even.  Successive 

iteration  of  the  matrix  (1.1)  yields  the  formal  expansion 

* 


of  an  entire  function  f(z)  in  (p,L  )  series,  and  we 

consider  the  problem  of  convergence  of  the  series  to  f(z)  . 

Our  object  in  this  chapter  is  to  introduce  a 

* 

class  of  three-point  expansions  (called  (p,L  )  series)  and 

to  obtain  some  theorems  analogous  to  the  results  of 

Chapter  I.  For  p  =  2  ,  this  expansion  reduces  to  the 

Lidstone  series  about  the  points  -1  and  1  . 

In  §2  we  state  Theorem  1.1  and  define  the 

* 


fundamental  polynomials  of  the  (p,L  )  series.  The  proof 
of  Theorem  1.1  is  given  in  §3.  In  §4,  we  give  a  relation¬ 
ship  between  a  set  of  fundamental  polynomials  of  the 
( 2 , L  )  series  and  the  Euler  polynomials.  In  §5  we  obtain 
some  properties  of  the  zeros  of  the  fundamental  polynomials 

[-1,1]  .  We  obtain  in  §6  some  estimates  for  the  fundamental 

* 

polynomials  of  the  (p,L  )  series  in  the  interval 


on 


9W  bns  €  e9ii93  <  J«q)  nl-4  )^  noJt^onul  siilna  ns  5o 


\ 
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“1  -  x  -  1  •  Finally,  in  §7  we  define  W  -convex  functions 

P 

and  give  a  sufficient  condition  for  representation  of  a 

•  * 
function  by  a  convergent  (p,L  )  series. 


2 .  The  ( p , L  )  Series  . 

Let  M  .(t)  be  the  sine  function  of  order  p 
P  >  J 

(§2,  Chapter  I)  and  let  be  the  smallest  positive  zero 

of  >1^  q(0  •  Consider  the  polynomials  Q^n(z)  »  Qpn(z) 

and  ^pn+j^Z^  ^3  =  l,2,...,p-2)  defined  by  the  following 
generating  functions 


(2.1) 


00 


l 


n  =  0 


pn 


N  n  (zt ) 

P  > 0 -  =  $  (z  tP) 

N  n(t)  ~  Vl^Z,t  > 

P  »  o 


(2.2) 


OO 


I  tpnQ"  (z)  = 


n  =  0 


pn 


N  (zt)  _  , 

PtP.ll -  =  $  (z  tP) 

N  , (t)  2^  ’  ; 

P  ,  P“1 


(2.3) 


00 


l  tpn+-'q  (z)  =  t3t.  .  (z  ,  tP) 

n=0  pn+3  J+2 


t 


N  . (zt) 
P  >3 


=  < 


N  .  (  z  t  ) 
^  P  ,  3 


N  .(t)  N  (zt) 

P  ».1 _ P  I.P.7-J: _ 

N  ,(t) 

P  ,P-! 


N  . (t)  N  (zt) 
P  >3_ P  - 


N  n(t) 

P  ,  o 


j  odd 


j  even 


(j  -  l,2,...,p-2;  n  -  0,1,...). 


We  now  formulate 


’ 


<  l.S)s+f4l3  =  CS)t+„,P 
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Theorem  1.1.  Given  any  even  integer  p  >  2  ,  the  following 

representation  holds  for  every  entire  f  unc  t i on  o  f  exponential 
* 

type  t  <  X  : 


(2.4) 


f(z)  =  £  f  (pn) ^  ,„s  ±  f(pn) 


n  =  0 


("1)qpn(z)  +  fVF"(1)V('Z)  + 


+  P^2  f(pn+j) 

j=l 


(0)qpn+j(z) 


where  qpn(z)  =  ±[Qpn(«)  -  QpnU)l  5 
1  & 

q^„(-z)  =  y[Q^n(z)  +  Q^t2)]  and  the  po  lynomials  { Q  n  ( z )  }  » 


pn 


00 


{  Qpn  (  z  )  and  {  qpn  +  j  (z)  }n  =  0  =  1»2»---»P"2)  are  given 

by  (2.1),  (2.2)  and  (2.3)  .  The  series  on  the  right  in  (2.4) 
converges  to  f ( z )  for  all  z  and  the  convergence  is 
un i f o rm  in  all  bounded  subsets  o f  the  plane. 


This  theorem  leads  to  the  following 


Def  ini  t  ion  1 .  Let  p  >  2  b_e  an  even  integer .  We  shall  say 

■k 

that  the  series  (2.4)  _is_  the  (p ,  L  )  series  of  f  and  that 


{q  .  (  z  )  } 

P n+j  n=0 


(j  =  0,1,..., p-2)  are  the  fundamental 


polynomials  o  f  the  (p,L  )  series . 


We  observe  on  comparing  (2.2)  and  (2.3)  with 
(2.11)  and  (2.12)  of  Chapter  I  that 


(2.5) 

q  ,  .  (z)  =  A  (z) 

Hpn+j  pn+j 

(j-1,3 . p-3) 

(2.6) 

Q*  (z)  =  C  (z) 

xpn  pn 
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3.  Proof  of  Theorem  1.1. 


z  t 


Setting  f(z)  =  e~ ^  in  (2.4),  we  get  the  formal 
(p»L*)  series  representation  of  eZt  ,  so  that 


Z  tl  r\  f  —  • 

(3.1)  e  =  $1(z,tp)cosh  t  +  $2(z,tp)sinh  t  +  £  t ^ $ . +  2  (x , t P ) 

j=l  J 


Pi2 


Replacing  t  successively  in  this  relation  by  rnt  ,  oo  t  , 

p - 1  .  2 it  i/p  , 

•  •  •  >  w  t  with  a)  =  e  ,  p  even,  and  observing  that 

(z,tP)  (j  =  0,1,  ..  .  ,  p-2 )  remains  unchanged,  we  get  the 

following  system  of  equations  in  : 


(3.2)  e 


m 

(jO  Z  t 


p-2 

=  cosh  mmt  +  $„sinh  oomt  +  £  (u)mt)^  $  ~ 

j=l  J 


(m=0 , 1 , . . . , p-1) 

Using  (3.3)  and  (3.4),  Chapter  I,  we  obtain  (2.1)  and  (2.2) 
from  (3.2).  To  solve  for  $_.+2(z,tP)  (j  =  l,2,...,p-2)  , 

t  tl  ””  III  "1 

we  multiply  the  (m+1)  equation  of  (3.2)  by  u>  J  and 

add.  Using  (3.3)  and  (3.4),  Chapter  I,  we  obtain  the 
easily  verified  identities,  for  p  even  : 


(3.5) 


_  .  pN  (t)  ,  j  even 

cosh  03  t  =  '  P  ’  ^ 


s  =  0 


0 


,  j  odd 


(3.6)  l  oo(p  ^Ssinh  mSt  = 

s  =  0 


0 


j  even 


pN  (t )  ,  j  odd 

P  » J 


Therefore,  we  have  (2.3)  for  j  -  l,2,...,p-2. 


The  right  hand  side  of  (3.1)  is  regular  except 

for  the  simple  poles  at  the  zeros  of  the  functions  Q ( t ) 

and  N  (t)  .  Thus  from  Lemma  2.1,  Chapter  I,  the 

P  ^P-1 

generating  functions  (2.1),  (2.2)  and  (2.3)  converge 


I-q 


(£  L)  bxia  I.  )  r  s  ij  «  .  (  f)  »«*■  (  •  gu:^U 


(S  £ )  ,o  rolnupa 

:  nsva  q  iol  e!  13  i  nsbl  b £  1 1 x i  v  IIbbs 


3%iavnoo  (£.£)  bae  (£.£)  ,(!.£)  anoilonu!  gnldsi snag 
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uniformly  in  (at  least)  any  compact  subset  of  |t|  <  A^ 

and  the  expansion 


e 


z  t 


00  00 

(cosh  t)  l  tpnQpn(z)  +  (sinh  t)  £  tpnQ*n(z)  + 


p  -  2  00 

+  l  l  tpn+J 
j-1  n=0 


Pn+ j 


(z) 


p  even 


is  valid  for  | t|  <  A^  .  The  proof  is  completed  by  kernel 
expansion  method  (see  [7] ,  p.  10)  with  eZ^  as  kernel. 


Remarks 


(1)  Theorem  1.1  yields  a  "best  possible"  result. 

•k 

Consider  the  function  M  n(xA.)  where  M  _(x)  is 

p ,  0  1  p ,  0 

& 

defined  by  (2.1),  Chapter  I,  and  A^  is  defined  by  (2.5), 

* 


Chapter  I  . 


M 


P  ,  o 


* 


(xA  x ) 


is  a  real  entire  function  of  exponen- 
* 


tial  type  A^  whose  (p,L  )  series  expansion  (2.4)  is 

* 


ideiitically  zero.  Thus,  the  upper  bound  A^  on  the 
exponential  type  in  Theorem  1.1  cannot  be  replaced  by  any 
larger  number . 


(2)  It  is  easy  to  see  from  the  behaviour  of  the 

real  zeros  of  M  „  ( t )  (j  =  0 , 1 ,  .  .  .  , p- 1 )  ( s ee  Lemma  2.1, 

P  »  J 

Chapter  I)  that,  roughly  speaking,  for  "large"  p  ,  the 
class  of  entire  functions  of  exponential  type  having  a 
valid  (p,L  )  series  is  also  "large". 


tI.£  BinmaJ  ssb) (I-q€ ....  I f 0  *  £) 
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4.  The  Polynomials  Q^Cz)  and  the  Euler  Polynomials  . 

We  consider  here  the  expansion  of  functions  about 

the  three  points  -1,  0  and  1  defined  formally  by  (2.4), 

in  the  particular  case  where  p  =  4  .  It  is  our  object  in 

this  section  to  show  that  there  exists  a  relationship 

between  the  polynomials  Q^(z)  defined  by  setting  p  =  4 

in  (2.1)  and  the  Euler  polynomials  E  (z)  which  are 

n 

given  by 


(4.1) 


et  +  l 


00 


l 

n  =  0 


E 


n 

n 


(z) 


Theorem  4.1.  For  n  =  0,1,2,...  we  have 


(4,2)  Q4n(z)  04^) 


n  2n 


:  i.l!3 


z+1 


k=0 


where  the  polynomials  Q^n ( z )  are  defined  by  (2.1) .  Also 


(4.2a) 


Ein(z)  +  EA„(Z  +  1)  =  2  I  (tk)  (4k)!Q4k(z) 


k  =  0 


Proof  of  Theorem  4.1. 


From  (4.1)  we  have 


(4.3) 


2  e 


z  t 


o  zt 
2  e  e 


_t 

2 


2  e 


( z-— ) t 


et+l 


2 

e  4-e 


_t 

2 


2 

e  +e 


_t 

2 


00  E  (  z  )  t 

I 

n  =  0 


n 
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Replacing  z  by  1-z  in  (4.3)  and  adding  we  have 


(4.4) 


2  cosh  ( z-— ) t 
cosh 


00 


I  [E  (z)  +  En (1-z) ]^t 
n  =  0 


n 


n 
n ! 


Replacing  t  by  2t  and  2z-l  by  z  in  (4.4), 
and  observing  that  En(l-z)  =  (-l)nE^(z)  yields 


n 


(4.5) 


cosh  z  t 

cosh 


zt  =  y  |Z+1I (2t) 2n 

t  L  c'2n  2  I  (2n  I  )  ' 

n  =  0 


Replacing  t  by  it  we  have 


(4.6) 


cos  z  t 
cos  t 


2  E2n( 
n  =  0 


z  +  H  (-l)n(2t)2n 

2  I  (  2n ) ! 


(1  ^  i  j  -|  • 

— - — Jt  and  | — - — It 

respectively  in  (4.6),  and  multiplying,  we  have 


(4.7) 


cos 

m 

z  t  cos 

¥1 

zt 

cos 

1+il  * 

2  r  cos 

(¥1 

t 

00  <-4n  i  /  \  ir 


2k 


1+z 

E  | 1+2 | 

2 

E4n-2kl  2  1 

Setting  p  =  4  in  (2.1)  it  is  easily  seen  that 


uu 

l  '  <WZ> 

n  =  0 


cos 


l+i|  .  /1-il 

2  |  2  t  c  0  s  |  ^  I  2  t 


i i+i I  /1-il 

cosj — - — Jt  cos|— — 


(4.8) 


b ... 
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The  proof  of  (A. 2)  is  completed  by  comparing  the  coefficient 
4  n 

of  t  in  (4.7)  and  (4.8).  To  prove  (4.2a)  we  use  (2.1) 

and  the  known  identity  2zn  =  E  (z)  +  E  (z+1)  which  is 

n  n 

easily  verified  from  (4.1). 


5 .  The  Properties  o f  Zeros  o f  the  Fundamental  Polynomials 

* 

of  (p,L  )  Series . 

Suppose  we  want  to  define  a  class  of  functions 

OO 

which  belong  to  C  [-1,1]  and  have  the  additional  property 

that  each  term  of  the  right  hand  side  of  the  formal 

expansion  (2.4)  is  nonnegative.  Recall  that  from  the 

(p,L)  series  expansions  of  Chapter  I,  we  defined  the 

classes  of  W  -Convex  functions. 

P 

In  an  attempt  to  obtain  analogous  classes  of 
functions  for  the  three-point  case  considered  in  this 
chapter,  we  require  the  following.  Let  L  be  the  linear 
operator  defined  on  C^5  [  —  1,1]  by 


(5.1)  L ( f )  =  f ( x ) 


f(-l)qQ(x)  +  f(l)qQ(-x) 


+ 


p-2  ,  .  . 

l  f  (0)q.  (x) 

j=l  3  - 


where  q . (x)  (j  =  0,l,...,p-2)  are  defined  by  (2.1), 

J 

(2.2),  and  (2.3). 

Since  L(P)  =  0  for  any  polynomial  P(x)  of 


degree 

<  p-1 

,  we  have  by  Peano’s  theorem  [12] 

(5.2) 

L  ( f )  =  /  H  (x, t)f  (p) (t)dt 
-1  1 

(5.3) 

(p-1) !H1(x, t)  =  Lx[(x-t)P-1] 

Setting 

f  (x) 

=  1,X,...,XP  1  successively  in  (5.1),  we 

8i  dolriw  (X  +  s)  I  +  (On3  *  i  r  J  09  bl  tlffO  <1*  **1  bflB 


+  (x-)0p(D  ■  +  (x)fJp(i-; 


(x>i  -  (X)i  <1.0 


easily  have 
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(5.4) 


2qQ(z)  =  l-zp  1  ;  (2j)!q  (z)  =  z2j-l 

(2  j-1)  !  q2j_i  (z)  =  z  ^  -zP  1  ( j  =1 , 2  ,  .  .  .  ,£■)  ,  p  even 


Now  H1(x,t)  is  the  Green's  function  for  the  differential 
system 


(5.5) 


/ 


f(-l)  = 


=  c p  (x) 

f (1)  =  0 


0  (j-1,..  p-2) 


where  <Kx)  is  any  function  continuous  in  -1  <  x  <  1  . 

That  is  to  say,  the  unique  solution  of  the  system  (5.5)  for 
a  given  (J)  (x)  is 


(5.6) 


1 

f  ( x )  =  /  H  (x,t)4>(t)dt 
-1  1 


Define 


(5.7) 


H  (x , t )  =  /  H  (x , u) H  (u,t)du  (n=2 , 3 , . . . )  , 

n  _  -L  n-  ± 


then  we  have 


Lemma  5.1.  The  following  inequalities  hold: 


(5.8) 

(-l)nHn(x,t)  >  0 

(-1<x<1;  -l<t<l; 

n= 1 , 2  ,  .  .  .  ) 

(5.9) 

(-l)nq  (x)  £  0 

pn 

( - 1<x<1 ; 

n  0,1,...) 

(5.10) 

(-1)n+Jqpn+j(-x)  = 

<-1)nV+j(x)  ^  ° 

.  .  .  )  . 


(0<x<l;  j =1 , 2 , . . . , p- 2 ;  n=0,l, 


<*>  >  aO 


' 


flis^8\{8  9 ri3  io  noi^uloa  supinu  9rfJ  <Y£a  8-^  ^firiT 
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Proof  .  (5.8)  is  easily  verified  for  n  =  1  from  (5.1)  and 
(5.3).  Then  for  n  =  2,3,...  ,  (5.8)  follows  from  (5.7).  Since 

the  polynomials  3pn+j (*)  ( j  =  0,l,...,p-2;  n  =  1,2,...) 

satisfy  the  differential  system  (5.5)  with  4>(x)  =  qp  (n_  ± )  +j 
we  have,  using  (5.7) 

1 

(5.11)  q  (x)  =  /  H  ( x , t ) q  (t)dt  ( j =0 , 1 ,  .  .  .  , p- 2 )  . 

Pn'rJ  _i  n  J 

Then  (5.9)  and  (5.10)  follow  from  (5.4),  (5.8)  and  (5.11). 

This  proves  the  lemma. 


Lemma  5.2.  I f  f(x)  belongs  to  Cpn[-l,l]  ,  then 

n-  1 


(5.12)  £  (x )  =  l  f(pn)(-l)q  (x)  +  f'^'fDq  (-x)  + 

k=0  p  p 

+  "I  f(pn+j)(0)q  (x)  +  Rn(x,£) 

j=l 

where 


(pn) 


(5.13) 


R  ( x , f )  =  /  H  (x,t)f(pn)  ( t ) d  t 

■n  •  n 


-l 


and  H  (x.t)  is  given  by  (5.3)  and  (5.7). 

-  n  -  - 


Proof  .  From  (5.1)  and  (5.2)  we  get  (5.12)  for  n  -  1  . 
The  proof  is  completed  by  induction  on  n 


•  x .  e.) 
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6 .  Es  t ima t es  on  the  Fundamental  Polynomials  o f  the  ( p , L  ) 
Series . 

We  shall  use  methods  similar  to  those  of  Chapter  I, 

§6,  to  obtain  estimates  for  the  fundamental  polynomials  of  the 
& 

(p,L  )  series  in  the  interval  [-1,1]  .  We  let  B  denote 

suitable  constants  (not  necessarily  the  same)  which  are 
independent  of  n  and  x  (-1  <  x  <  1)  unless  otherwise 
stated. 


Lemma  6.1.  For  -1  ^  x  ^  1  ;  n  =  0,1,...  ,  and  p  even , 


we  have 


(6.1) 


<-1>nV(x)  - 


PMP,0(xXl) 


M  2(X*)(X*)pn+1 

p,p-2  1  1 


B 


,  * \ pn+1 

(rx )  r 


(6.2) 


■  i  *  pM  1  (xA  ) 

(-l)n+V  (x)  -  - ^ 

pn  M  ,(X1)(X1)pn+1 

p,p-2  1  1 


B 


(a2) 


pn+1 


(6.3) 


(-1)aViw  •  ■ 


pM  . (A  )  M  , (xA  ) 
P».1  1  P»P~1  1 


9(An)  (A.) 

p,p-2  1  1 


pn+j+1 


B 


(r  x) 


pn+1 


(6.4) 


,  pM  .  (A*)  M  n (xA  ) 

,  ,  s  _  P  P,J - I - E^O - L. 

(“1/  'X'  *  * 

pn+;l  M  .(X.)(X,) 

P,P-1  1  1 


( j  =  1 , 3 , . .  . , p-3) 
B 


* \ pn+j+1 |  ( r * ) pn+1 


(j-2,4, . . . ,p  2)  , 


where  r^  =  •j(A^  +  A^)  J  r ^  _  2^1  +  ^2^  ai^-- 

A,  are  given  bx  (2.3),  Chapter — I. 


■  .1  Li  1  Sii. 

. 


63 


ZXOof_.  (6.2)  and  (6.3)  follow  from  (2.5),  (2.6),  (5.10)  and 

(6.1) ,  (6.2),  Chapter  I,  by  observing  that  Q  (-x)  =  -Q*  (x) 

pn  xpn 

(6.1)  and  (6.4)  are  proved  by  the  same  techniques  used  to 
prove  Lemma  6.1,  Chapter  I. 


Lemma  6.2.  There  exist  constants  B  such  that  for 
-1  ^  x  <  1  ,  n=  0,1,...  ,  and  p  even 


(6.5) 


0  <  (-l)nQ  (x)  <  - 5 - 

pn  ( A  * ) Pn 


(6.6) 


0  S  (-1)D+1Sn+j(x)  S  -T 


(X  )pn 


(j=2,4, . . . ,p-2) 


(6.7) 


* 

V(x) 


B 


(A1) 


pn 


(6.8) 


pn+j 


(x) 


B 


(x1) 


pn 


( j  =1 , 3 , .  .  .  , p-3) 


(6.9) 


0  S  (-l)nq  (x)  <  - 1 - 

pn  (A?)pn 


where  A  and  A  are  def ined  by  (2.5)  ,  Chapter  I 


Proof  .  (6.7)  and  (6.8)  follow  from  (2.15),  (2.16),  and 

(6.8),  (6.9),  Chapter  I.  From  (6.1)  we  have 


n 


0  <  (-1)  Q  (x)  < 


B 


Pn  (r*) pn+1 


pMD.0(xXl) 


,p_1(^)(^*1)pn+1 


M 


B 


(A,  ) 


pn 


since  M  n(xAJ  is  uniformly  bounded  in  [-1,1].  (6.6) 

p  ,  0  1 

is  proved  similarly  from  (6.4).  (6.9)  follows  from 


(6.5),  (6.7)  and  the  observation  that  <  * 


(x)  P~  *  (x-)  P  ierfa  gnJbvisado  ^cf  <  >d  t  - 

■ 


.1  i  JqiwfD  .  I.d  fiflirnsJ  avoiq 
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Lemma — 6.3.  For  any  fixed  x  ,  (0  <  x  <1)  there  exist 

o  o  -  - 

cons  t  an  t  s  B  such  that  for  p  even 


(6.10) 

(6.11) 

(6.12) 

(6.13) 

Also  we  have 

(6.14) 


'•“Vj'S) 


(-1)n+1%n+j(xo) 


(-1) 


(xo) 


B 


* 

(Ax) 

pn 

B 

( A  x ) 

pn 

B 

(xi 

^  Pn 

B 

* 

(Ai 

)  pn 

B 

* 

(Ax) 

pn 

( j=l, 3 , . .  .  , p-3) 


( j  =2 , 4  ,  . .  .  , p-2) 


( ~ 1 <  x  <1) 
o 


Proof .  We  shall  prove  (6.10).  From  (6.1)  we  have 


n 


&  &  P  ^ 

.  .  (- 1)  “Q  (x  )  M  ,U,  )  (A  ) 

lim  _  pn  o  p,p-2  1  1 


n+°° 


M  n (x  A  1  ) 
p  ,  0  o  1 


A 


from  which  (6.10)  easily  follows.  (6.11)  to  (6.14)  are 
proved  in  an  analogous  way. 


Lemma  6.4.  For  - 1  <  x  <  1  ,  n  =  1 , 2 ,  .  . .  ,  and  p  even 


(6.15) 


0  <  ( -l)nj  H  (x,t)dt  < 
.  n 


B 


-1 


* 

(A  ) 


pn 


where  H  (x,t)  is  defined  by  (5.3)  and  (5.7). 
- -  n  " 


* 


-   .  k  3  £-  1".-- 


(SX.d) 


(ax. a) 
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Proof  .  Since  Q^(x)  =  1  we  have 

1 

0  <  ( —  1 ) n /  H  (x,t)dt  =  ( —  1 ) n  Q  (x) 
li  n  pn 


7.  (p»L  )  Series  and  W  -Convex  Functions. 

P - 


Theorem  7.1.  If  the  series 


*  * 


(7.1)  a0Q0 (x)  +  aQQ0(x)  +  a1q1(x)  + 


...  + 


+  a  q  0  (x )  +  a  Q  (x)  + 
p- 2  p- 2  PP 


p  even 


converges  for  a.  single  value  xq  ^  0  (-1  <  xq  <  1)  then  i t 

converges  uniformly  in  -1  <  x  <  1  t_o  a_  function  f(x)  . 

Fur  thermor e ,  the  series 


(7.2) 


1 


(-11 


n 


n=0 I (X^) 


Izll 


pn 


n 


+  * 


(A^P11 


a*  _  Py3  Vi (Al)apn+i 

.  pn  j-1  (A1)j 

(j  odd) 

p-2  M  .  ( A  )  a  . 

-  _  Y  PiJ _ l Pn+J 

ann  L  *  i 

Pn  4=9  (X  )J 


j=2 

(j  even) 


converges  and  we  have 


(7.3)  f  (pk)  (x)  =  a  Q  (x)  +  a  kQ0(x)  +  a  ^^^x)  + 


pk+1  1 


+  apk+P-2%-2(x)  +  ap(k+l)Qp(x)  +  *• 


for  - 1  <  x  ^  1 


£  ( V.  £  q 
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Proof  ♦  If  (7.1)  converges  for  x  =  x  ^  0  then 

o 

I  a  Q  (x  )  =  0  ;  1  a  Q  (x  )  =  0  : 

n+°°  pnxpn  o  n+°°  pnvpnv  o'  * 


lim  .  N  . 

n-»-oo  apn+j  ^pn+  j  Xo 


(j  =  1,2, . . . ,p-2) 


So,  by  Lemma  6.3,  we  have  a 

pn 


»i"°i 


pn+j 


=  OIX  pn 


( j  =  1,2,..., p-3) 


Pm 


pn+j 


=  0  X 


( j  =  2,4,...  ,  p-2)  . 

With  suitable  modifications,  the  proof  follows 
Widder's  method  (see  [38];  Theorem  5.2,  p.  392). 


k 

Def ini t ion  7.1.  A  real  function  is  said  to  b  e  W  -  convex , 
p  even ,  on  the  interval  a  <  x  <  b  if_ 


00 

(i)  feC  [ a  , b ] 


(ii) 

(_l)kf  (Pk) (x)  >  o 

(a<x<b  ; 

k=  0 , 1  ,  . 

(iii) 

(-l)k+1f (Pk+2J)(a+b)  >  0 

(j=l,2, 

•  •  .  ,  2"” 1 5 

k=  0 , 1 ,  . 

(iv) 

f (pk+2j-l) (a+b^  0 

(3=1,2, 

.  • • , ^-l ; 

• 

r\ 

rH 

o 

ii 

For  p  even, 
-1  <  x  <  1  , 

M  n(x)  .  We 

Lemma  7.1.  If 


the  function 
k 

where  A^  is 


k  k 

M  _(xA,)  is  W  -convex  on 
p ,  0  1  p 

the  smallest  positive  zero  of 

* 


now  give  some  results  on  W^-convex  functions. 

& 

f  (x)  ls_  W  -convex  in  -1  <  x  <  1  ,  then 


(7.4) 


(k  •+  °°)  . 


(....I.O-i  SI-f.  x-t)  0  *  Uii) 


Proof  . 

* 

(p,L  ) 

(7.5) 

Lemma 

there 

(7.6) 

Proof . 

F(x)  = 
Lemma 

(7.7) 


From  Definition  7.1  and  (5.12)  every  term  in  the 
series  of  f(x)  is  nonnegative  and  we  have 


0  <  f (pk) (-l)q  (x)  <  f(x) 
0  <  f(plc)(l)q  (-x)  <  £  (x) 


Take  x  =  0  and  apply  (6.14).  Then  we  have  (7.4). 


7.2.  I f  f  (x)  i_s_  W^-convex  in  - 1  <  x  <  1  ,  then 


is  a  constant  B  such  that 


0  <  (-l)kf (pk) (x)  <  B 


0  <  (-l)kf (pk) (x)  <  B 


2  A 


pk 


1+x 

*.Pk 

2X, 


1-x 


(k  ■>  00 ) 


If  f(x)  is  W  -convex  in  a  ^  x  ^  b  ,  then 

P 


5  f((^2^)x  +  is  W*- convex  in  -1  <  x  <  1  .  By 


7.1  we  have 


F(pk)(-1)  =  (^JS']P  f(pk)(a)  =  0 


F(pk>(l)  -  (^]Pkf(pk)(b)  =  0 


A 


^pk 


A 


*pk 


(k  ») 


First  set  a  =  -1  ,  b  -  x  <  1  ;  then  set 

>  b  =  1  to  obtain  (7.6).  From  (7.5)  it  is 


clear  that  B  is  independent  of 
and  the  lemma  is  proved. 


x 


5 


(-1  <  x  <  1)  in  (7.6), 


' 
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Now  we  have 

k 

Theorem  7.2.  I f  f  (x)  i_s^  W^- convex  in  a  <  x  <  b  with 

b-a  >  2  ,  then  f(x)  ijj_  entire  o f  exponential  type  less 

k  k 

than  X^  and  the  (p,L  )  series  representation  holds  for 
all  z  iii  the  complex  plane . 

Proof  .  Using  the  modifications  provided  by  the  previous  two 
lemmas,  the  proof  follows  Widder's  method  (see  [38];  Theorem 
6.3,  p.  395) . 

Theorem  7.2  gives  a  sufficient  condition  for 

k 

representation  of  a  function  by  a  convergent  (p,L  )  series. 
The  function  N  ~(x)  is  not  W  -convex  but  has  the  (p,L  ) 

p  ,  0  p 

00 

series  representation  N  n(x  )  =  N  n(l)  y  Q  (x)  .  This 

^  P,0  p,0  n^Q  pn 

example  shows  that  Theorem  7.2  does  not  provide  necessary 

k 

conditions  for  representation  by  a  (p»L  )  series. 

k 

A  class  of  minimal  W  -convex  functions  can  be 

P 

defined  in  order  to  obtain  necessary  and  sufficient 

k 

conditions  for  representation  by  a  (p,L  )  series,  but 
for  want  of  complete  results,  we  do  not  discuss  them  here. 
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CHAPTER  III 


LACUNARY  INTERPOLATION  (0,n-l,n)  CASE 


1 .  Introduction . 

If  E  is  a  set  of  n  real  distinct  points,  we 
shall  be  concerned  with  the  problem  of  finding  the  explicit 
form  of  the  unique  polynomial  P(x)  of  degree  <  3n-l  , 
when  the  values  of  P(x)  ,  P^n_1'>(x)  and  P^(x)  are 

assigned  on  E  .  We  shall  call  this  the  problem  of 
(0,n-l,n)  interpolation  on  E  .  The  existence  and  unique¬ 
ness  of  these  polynomials  is  a  special  case  of  a  general 
result  of  Atkinson  and  Sharma  [1]  (see  also  [14]  and  [27]). 

In  §2  we  deal  with  notations  and  the  statement 
of  the  main  theorems,  and  we  show  by  an  example  that 
(0,n-l,n)  interpolation  is  not  always  possible  when  E 
contains  complex  points.  In  this  connection  we  may  observe 
that  as  a  special  case  of  a  theorem  of  Ferguson  [14] ,  it 
follows  that  the  problem  of  (0,n-l,n)  interpolation  is 
not  always  uniquely  solvable  when  E  is  allowed  to  contain 
points  from  the  complex  plane.  However,  for  the  roots  of 
unity,  the  problem  has  a  unique  solution.  For  relevant 
literature  on  this  type  of  problem  we  refer  to  the  work  of 
Suranyi  and  Turan  [29] ,  0.  Kis  [15] ,  and  Sharma  [26] . 

In  §3  we  give  the  proofs  of  Theorems  1  and  2. 

§4  deals  with  estimates  on  the  fundamental  polynomials 
defined  by  (2.21),  (2.22)  and  (2.23)  when  E  consists  of 


■ 


9 w  ,e:inioq  JLbsx 


5c  5U  i  £  v  srf3  nsriw 

([VS]  5/tb  LaI'  obIb  sse)  [I]  Sflrxaxi3  bna  noar.  t;l3A  io  rtluasi 


Ji  f  j  3  ro  Of  I  I  5o  n  to  rf:*  £  1c  to  I  iio9qs  ;  ee 

elsinionYloq  I  &  3  naatBbnu  :i  3ffj  no  893boi±139  rtJiw  elftab 
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the  n  roots  of  unity  which  lead  to  the  solution  of  a 
convergence  problem.  Also,  in  §4  we  state  and  prove 
Theorem  4  which  shows  that  the  Dini-Lip s chi t z  condition  of 
Theorem  3  cannot  be  relaxed.  In  §5  we  prove  Theorem  5,  a 
result  on  least  squares  convergence.  Theorems  4  and  5  are 
analogous  to  known  results  ([28]  and  [32])  for  Lagrange 
interpolation,  pointing  out  the  similarity  of  behaviour 
of  (0,n-l,n)  interpolation  polynomials  and  Lagrange 
interpolation  polynomials  for  large  values  of  n  . 


2 .  Preliminaries  and  Statements  o f  Theorems . 

If  E  is  a  set  of  n  real  points 

(2.1)  x-  <  x0  <  . . .  <  x 

1  z  n 

n  w  ( x ) 

set  w(x)  =  n^(x-Xj)  and  let  &k(x)  =  (x-xk)w'  (xfc)  ’ 

(k  =  1 , 2 , . . . , n )  denote  the  fundamental  polynomials  of 
Lagrange  interpolation.  Then  set 

(2.2)  Q  ( x )  =  (nJ}T  J  w2(t)(x-t)n  2dt 


(2.3)  nk(x)  =  T^riyT  JQ  *k(t) 


W"(xk) 

1  '  ^TJ^T(t-xk) 


(x-t)n  2dt 


(2.4) 


Vx)  ■  ohrr  l0  ^(t)(t-xk)(x-t)n-2dt 


(2.5) 


W  (  x  )  = 


Q ( x )  -  Ln(Q;x) 

[*i » *  ‘  *  »xn ; ^ 


where 


ssnsisaJ  •*  <  [S£l  bne  [8£]  )  all  <eai  a  on:  o3  BuogolBns 

s  (i  b:  ?  El .lo  '  '  i 1  *>  °  ,3>! 


|  [2  !  O  q  h  i' 


M) 


91  sriw 
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n  n 

Ln(Q;x)  =  l  Q(xkHk(x)  and  [  x  1 ,  .  .  .  ,  xn  ;  f  ]  E  £  f(xk)/w'(xk) 

k=l  k= 1 

denotes  the  divided  difference  of  f  on  the  nodes  (2.1).  The 

definition  (2.5)  is  justified  because  of  the  following. 


Lemma  2.1.  For  n  real  nodes  (2.1) ,  we  have 

[x, . x  ;  Q]  >  0  . 

1  n 


Proof  .  Here  we  shall  use  the  following  inequality  which  is 
a  particular  case  of  a  result  of  Curry  and  Schoenberg  ([11] , 
Theorem  1 ,  p .  74 ) . 


(2.6) 


x 

n 


(x-t) 


>  0 


(x  <t<x  ) 

1  n 


where 


(x-t ) V 

<*‘*>*"(  0 


t  <  x 

t  >  X 


Since 


Q(x) 


/  w(t)  (x-t)n_2dt  +  |xV(t)(x-t)"‘2dt 
0  1 


E  A  (x)  +  Q  (x) 


and  since  [x1 , . . . , xr ; A (x) ]  =  0  because  A(x)  is  a 

polynomial  of  degree  ^  n-2  ,  we  have 

[xx, . . . ,xn;Q]  =  [x1,...,xn;Q] 


f  W2  (t )  [xn 
X1  1 


X  ;  (x-t)^  2] dt 
n  “t 


9  •  •  •  y 


,1  rioiriw  ^JtXsupsni  g,.lvoIIol  *«<»  11808  9V  974  '  •**“? 


[XI])  gi»dn»odo8  bn*  xnoO  lo  *  io  **»«*  Mi“5i;’6q  9 


72 


which  proves  the  lemma  on  using  (2.6). 

If  {a^}^  ,  are  tkree  given  sets 

of  real  or  complex  numbers,  then  the  polynomials  II^Cx)  of 
degree  <_  3n-l  ,  having  the  properties 

(2.7)  nn(xk)  ak  ’  nn  ^ (xk^  3k  ’  nn  (xk^  =  Yk  (k=1»--*»n) 
have  the  form 

(2.8)  nn(x>  =  |  akRk(x)  +  IekSk(x)  +  lYkTk(x) 

where  Rn  (x)  ,  S, (x)  ,  T  (x)  are  the  fundamental  polynomials 

R  K.  k 

of  this  interpolation  problem  and  are  determined  by  the 
following  properties: 


(2.9) 


W  ■  6jk  >  Rkn_1)  <V  ■  Rkn)  (xj>  ■  0 


(2.10) 


W  -  skn)  <V  ■  0  •  skn~1)  <V  ■  6jk 


(2.11) 


w  ■  Tkn_1)  (V  ■  0  >  Tkn)  <V  ■  V 


where  6  ,  is  the  Kronecker  delta.  We  now  formulate 

jk 


9  3  bIujitio}  won 
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Theorem  1.  For  given  real  nodes  (2.1),  the  f undamental 
polynomials  o f  interpolation  satisfying  (2.9),  (2.10)  and 

(2.11)  respectively  have  the  following  explicit 
representations : 

<2-12>  Rkw=Vx)t7(^) 


(2.13)  Sk(x)  =  fik(x)  -  Ln(^n;x)  -  [xx,  .  .  .  ,xn;fik]  W(x) 

(2.14)  T^(x)  =  Tj^(x)  -  Ln  (  x  k  5  x )  -  [x^  ,  .  .  .  ,  xn  5  t  W(x) 

where  W(x)  ,  nfc(x)  and  xk(x)  are  given  by  (2.3),  (2.4) 

and  (2.5)  . 


When  the  nodes  (2.1)  are  taken  to  be  complex 
numbers  z\>  *  *  ’  ,Zn  then  in  general  [z^>  •  •  •  >zn5Q]  may 
vanish  as  is  easily  verified  on  taking  n  =  3  ,  z  ^  —  — 1  > 

z  =  1  .  Indeed  we  see  by  easy  computation  that 


[Z;l,-1,1;Q(z)  ]  = 

=  /1(l-t)3{t4«*  +  (t4-2t2)z4  +  (t2-l)2  z2  +  t2(t+l)2}dt  - 

0 

=  3z^  -  25z4  +  185Z2  +  23 


which  has  no  real  zeros,  as  can 

r  \n 

However,  when  iz^i 


be  easily  verified, 
are  the  nth  roots  of 


unity ,  with 
(2.15) 


2k7r  i  /n 

zk  =  e 


(k=0 , 1 , . . . , n- 1 ) 


we  have  , 


jBjnamt  b  •  9&J  ,«.J)  a9i>on  4S23  ~  •  Ji.  M.~  °-9  n-l' 


i  +  (x)  -  U)  a 


( x) w  Ui  x . <1  -  -  <«>>  =  (xV  <£X-'-’ 


lo  aiooi  rt3n  9ri3  sie  (  s>  narfw  .isvswoH 


-  74  " 


(2.16)  £k(z)  = 


n  i 

z  - 1 


z-  z. 


z,  n-1  1  2 

—  ;  Q(z)  =  — t  /  d-zntn)  (i-t)n_2dt 


n 


(n-2)  I 


0 


so  that  using  (2.2)  to  (2.5)  we  get 


(2.17) 


[z ^ ,  .  .  .  »  zn ;  Q]  —  Q  ( 1 )  >  0 


(2.18) 


Ln(Q;z)  =  zn  1 Q ( 1 ) 


(2.19) 


W  (  z  )  =  z 


n-1 


01*1  _  i 

Q  (1) 


where  Q(z)  is  given  by  (2.16).  Further,  we  get 


n-1  1 


(2.20)  nk(z)  -  ^-2TT  J  -  a=i(,t-zk)]  (i-t)n-2dt 


(2.21) 


n-1  1  9 

T,_(z)  =  7"'-  o  X  »  /  (z  t-zk)  £k  (zt )  (1-t) 


n-  2 


(n-2) ! 


0 


dt 


We  now  formulate 

Theorem  2  .  If  zk  =  g^ki/n  ^  (k  _  then  the 

f undamen t al  polynomials  o f  (0,n-l,n)  interpolation  are 
given  by  Rk(z)  ,  Sk(z)  >  Tk(z)  =  ^»***»n)  where 


(2.22) 


R,  ( z )  =  JL  (z)  +  - W(z) 

k  k  n 


(2.23) 


sk(z) 


I  Mz> 

J-l  3 


^k(z)  - 


nw,  .vd) 

Z  . 

J 


W(z) 

n  I 


(2.24) 


Tk(z) 


n 


I  £,(z) 


J=1 3 


Tk(z)  TX(k,j)(1)] 


+  (l-i)^^  J*  t(l-tn)  (l-t)n  2dt 


n  n . 


0 


TTI^)-  ■  <*>i»  <0!  !> 


(  n , .  •  >  t 


-  (s).a 


75 


where  A(k.i) 

is  a 

positive  integer 

<  n 

such  that 

A  (k , j )  =  n+k- j 

(mod 

n)  . 

Theorem  3 .  If 

f  (z) 

is  analytic  in 

1  z  1 

<  1  and  continuous 

for  z  =  1  . 

let 

w(6)  be  the  modulus 

of  continuity  of 

£(e10)  ,  0  < 

e  <  2tt 

>  and  let  5-^0 

oo(6) 

log  *r  =  0  .  Let 

II  (x)  be  the 
n 

polynomial  of  degree  < 

3  n- 

1  which  interpolates 

f(z)  dji  the  n  roots  o f  unity  {zk}^  »  and 

(n) 


n(n_1)(z.)  =  6.  ,  n 

n  k  kn  n 


(zk)  =  Ykn  ,  where 


(2.25) 


3 


kn 


n  I  \ 

n  I 

o 

3  ’  Ykn  "  ° 

2 , 

n  log  n  / 

In  log  n 

Then  II  ( z )  converges  to  f  ( z )  uniformly  in  |  z  |  <1  . 


3.  Proof  o f  Theorem  1  . 

We  shall  only  show  how  to  obtain  (2.12).  The 
proof  for  (2.13)  and  (2.14)  is  similar  and  is  omitted.  Set 
R  (x)  =  r k (x )  +  akQ(x)  where  ak  is  a  constant  and  rk(x) 

is  a  polynomial  of  degree  ^  n-2  .  Then  Rk(x)  already 

satisfies  the  conditions  Rk  ^  (x^)  =  ^k  =  ^  * 

j  =  l,...,n  which  are  the  last  two  conditions  in  (2.9). 

In  order  to  have  Rk(x_.)  =  6k_.  (j  =  1,  •  •  •  >n)  ,  the 

polynomial  r  (x)  must  satisfy  the  conditions 


rk(xj)  =  \ 


-akQ(xj} 


1  ”  akQ(xk) 


j  ^  k 


(3.1) 


j  =  k 
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Since  r^(x)  is  a  polynomial  of  degree  <  n-2  ,  we  then  have 


n 


(3.2) 


rk(x)  = 


w(x)(x  -x  ) 
a  l  Q(x  )  - 3 - 


k  fi-  j  (x-x  ) (x-x  ) w ' (x  ) 

J  x  J  K  J 


=  -ak{Ln<Q;x)  -  . ;  Q]  } 


Condition  (3.1)  for  j  =  k  yields,  using  Lemma  2.1, 

— —  =  w ’  (x,  )  [x  , .  .  .  , x  ;Q]  which  combined  with  (3.2)  gives 
a,  k.  X  n 

k 

(2.12).  This  completes  the  proof  of  Theorem  1.  Theorem  2 
is  now  easy  to  prove  on  putting  for  x^  which  is 

permissible  because  of  (2.17).  Also,  observe  that  when 


z  .  =  e 

J 


2  jTTi/n 


(j  =  1,2,.  .  .  , n )  then 


(3.3) 


/  n  _  N 
(t  -l)z 

£k(zjt}  "  (tz.-zk)n 


= 


Vj(t) 

£n+k-j  (t) 


j  <  k 
j  >  k 


We  also  use  the  identity  (which  is  an  immediate  consequence 
of  Hermite  interpolation  formula) 


n 


(3.4) 


l  Jt2(t )  [l  -  =  l 

j-i  J 


j 


to  verify  that  [z^,...,zn;fi^]  -  n i  »  ( k  l,...,n)  . 

Fur  thermor e  , 


[  z 


n 

V 

Tk(zi) 

L 

w  1  (  z  .  ) 

j  =  l 

J 

n  1 

n-  1 

y  f 

n  ] 

j  =  i  0 

>d-t)n  2at 


t)  "uns»  -  ,« 


*  >  t 


JfidJ  tfltOV  03 
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so  that  on  using  (3.3)  we  easily  obtain 

[z. . z  ;t.]  =  -  /1(tn-l)(l-t)n_2dt  . 

1  n  k  n2(n-2)l  0 

The  formulae  (2.22),  (2.23)  and  (2.24)  are  now  easy  to 

deduce  from  (2.12),  (2.13)  and  (2.14)  respectively  on  using 

(2.17),  (2.18)  and  (2.19).  We  omit  the  details. 


4.  Es  t ima  t  es  on  the  Fundamental  Polynomials  o  f  Theorem  2 . 
Proofs  o f  Theorems  _3  and  4_. 

We  shall  now  obtain  some  estimates  for  the 
fundamental  polynomials  of  Theorem  2.  We  have 


Lemma  4.1.  For  | z |  <  1  ,  we  have  the  following  es  t ima t es 

for  polynomials  R^(z)  ,  S^_(z)  ,  T^(z)  of_  Theorem  2  ,  for 

n  =  2,3,... 


(4.1) 


(4.2) 


(4.3) 


n 

I 

k=  1 

Rk( 

z>  1 

<  16  +  log  n 

n 

V 

sk( 

z)  1 

=  0 

n^log  n 

L 

k=  1 

„  i 

ft  • 

n 

V 

z)  1 

=  0 

2i 

n  log  n 

i — i 

--<i  it 

»:  j 

Proof .  Since  for  |z|  <  1  , 

/1(l-zntn)  (l-t)n_2dt 
0 


<4 /  (l-t)n  2 d t 
0 


4 

n-1 


and 


. 


gnle.,  no  ylsvi Jooqe  -J  («•*)  ^-s>  «<£I-S>  ">°l5  9^b9b 
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/  d-tn)  (i-t)n_2dt 
0 


> 


1 


I 


0 


(l-t)ndt 


1 

n+1 


we  have  from  (2.19)  and  (2.17),  and  n  =  2,3,... 
(4.4)  |  W  ( z )  |  <  4(^y)  +  1  <  13 


so  that  (2.22)  yields 


(4.5)  lRk(z) I  "  l£k(z) I  +  TT 

On  using  the  known  inequality  (see  [15]), 


n 

(4.6)  l  |£  (z;|  <  3  +  log  n  ,  |z|  <  1  , 

k=r  1 

we  get  (4.1)  from  (4.5). 

In  order  to  prove  (4.2),  we  observe  that 
|£^(zt)|  <1  for  |z|  <1  (0  <  t  <  1)  so  that  from 

(2.20)  we  have  for  |z|  <  1  , 

i  1  r 

|f2k(z)|  -  (n'-2~  /  l1+(n~:l-)(lzt|-|-|zkl) 

so  that 

^  .  .  \  (  1  )  /._ 

(4.7)  |\U)  -  A^1'k) - 1  ^  (n-i):'  (j.k=l, - n) 

j 

Then  from  (2.23)  on  using  (4.4),  (4.6)  and  (4.7)  we  have 

I  q  (7\  I  <  4n ( 3  +  log  nj  13 
lSk(z)|  S  (n-l) !  +  n! 

which  at  once  gives  (4.2). 

The  proof  of  (4.3)  now  follows  similarly  from 

(2.21) ,  (2.24),  (4.4)  and  (4.6). 


(l-t)n  2dt  < 


2n 


fn-1) ! 


al  idly  (S.S.S)  OB 


JB 08 


Lemma  4.2.  (Kis  [15]).  lf_  f(z)  i^s_  analytic  in  |z|  <  1  and 

continuous  in  |z|  <  1  ,  and  if  F  (z)  jLs_  the  Jackson  mean , 

then 

|f(eie)  -  Fn(ei9)|  S  6.(1) 


wher e  go  ( 6  )  i s  the  modulus  o f  continuity  o f  f  (  z )  .  The 
explicit  form  of  Jackson  mean  F^Cz)  o_f_  degree  2n-2  is 
given  by 


Fn(Z) 


3  2-  2n 

- 2 -  2 

(2n  +l)27rni 


/  f(t)t1_2n 

I  t  |  =1 


t-  z  / 


4 


dt 


Proof  o f  Theorem  3 .  Let  N  =  [n/2]  .  Then  F^(z)  is  a 
polynomial  of  degree  ^  n-2  and  so  F^^(z)  vanishes 
identically  for  p  ^  n-1  .  Therefore 


f  (z) 

-  Vz)  = 

f  (z) 

-  fn 

(Z)  +  Fn( 

z)  -  n  (z) 
n 

= 

f  (z) 

-  F 

n 

(z)  +  I 
k  =  l 

{FN(zk>  -  f(zk)}Rk(z) 

- 

n 

I 

k=  1 

ekV 

N 
' — ' 

1 

jy 

II  - - 

i-* 

W*>  • 

Using 

Lemma  4.1, 

and 

(2.25)  we  have 

|  f  (z) 

-  n  (z)  | 

<  6  GO  | 

i) 

6go  “-1(16 

N  / 

+  log  n)  +  o ( 1 )  =  o (1) 

since 

go  (6  )  log  J 

0 

as 

6  0 

This  completes  the 

proof 

of  Theorem 

3  . 

Remark . 


To  avoid  any  misunderstanding,  we  set 


<£*  t®  i  ■  5  9  JLL  <*>  *  11  has  «  1  *  Is  I  Hi  3uounl,3noo' 


•i.  .  ?  ?;  .•: .  2.  --: 

asrf  Icbv  (s)  I  oa  bns  S-n  >  b  *0  Islmonx^oq 
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Theorem  3  gave  sufficient  conditions  on  the  function 
f(z)  for  the  convergence  of  the  (0,n-l,n)  interpolating 
polynomial  II  (f,z)  to  converge  uniformly  to  f(z)  in 
| z |  <1  .  The  Dini-Lip s chi t z  condition  imposed  on  f(z)  in 

Theorem  3  is  necessary  as  the  following  theorem  shows. 


Theorem  4  .  There  exists  a^  f  unc  t  ion  f(z)  ana  ly  tic  in 
|  z  |  <1  and  continuous  in  the  closed  disk  | z |  <1  such 

that  the  sequence  , z)  J“n_i  (0,n-l,n)  interpolating 

polynomials  for  the  equidistant  interpolating  nodes 


(4.8) 

with  the  2n 

(4.9) 

d iver ges  a  t 


(2k-l)7Ti/n  /'i-io  \ 

=  ev  (k=l ,  2  ,  .  .  .  ,n) 

addit ional  conditions 

n(n'1)(u.)  =  n(n)(w.)  =  0  (k=l,2 . n) 

n  k  n  k 


z  =  1  .  Indeed  we  have  ...  II  (f,l)  =  00  . 

-  -  -  n-*-°°  n 


Proof  .  Set  W  (z)  =  II  (z-co  ) 

j  =  l  J 

(4.8).  Then  from  (2.1),  (2.2) 

we  easily  have 


where  u)  is  defined  by 
and  (2.5),  with  , 


(4.10) 


*  n—  1 

W  (z)  =  zn 


(  \  2 
/  (l+zntn)  (l-t)n'2dt 
0  


/1(l-tn)2(l-t)n  2dt 
0 


-  1 


Setting  z  =  1  in  (4.10)  it  easily  follows  that 


(4.11) 


0  <  W  (1)  <  13 


(n=  2 , 3  ,  .  .  .  ) 


Then  from  (2.12)  and  (4.9)  we  have 


s  (n.X-n.O)  sdl  )o  " 

ni  (s)X  03  yXm-ioilnu  sgyavnoo  o3  *.  nlr  s  .  ^  M.  •  , 


esbon  talas,  r-g  io?.2i  io^£jMS£l  L  3^  ■'  —  ■;-2£i'  - 


Now  consider  the  polynomials 


(4.13)  P2n(x) 


—  +  —Z—  +  - — - 

n  n-1  n-2 


n-1  n+1 


+  ...  + 


n+2 


2n 


n 


(n=l , 2 , . . . ) 


Fejer  (see  [28]  ,  p.  92)  has  shown  that 


(e^®)  |  <  2A  where  A  =  / 


sin  x 

x 


dx  * 


'  2n  '  o 

Thus,  all  polynomials  P2n(z)  =  1»2»* 

bounded  on  |z|  =  1  ,  hence  for  |z|  <  1  ,  by  2A 

have 


.  )  are 
We 


n 


(4.14)  nn(P2n,z)  =  l  P,„(wt) 


k  =  l 


2n  v  k 


<(z) 

W  (G0k) 


=  Ln(P2n’z)  '  !L~^r1  l 


n  . u ,  k  2n  k 
k=  1 


where  L^CP^^^jZ)  is  the  Lagrange  interpolation  polynomial 


of  degree  n-1  for  P2n(z)  with  nodes  =  e 


(2k-l)Tii/n 


n 


(k=l ,  2  ,  .  .  .  ,  n)  .  Since  £  (jakP2n^°°k^  =  ”  n^T  *  we  have 

k=  1 


(4.15) 


VP2n’z)  '  Ln(P2n*z)  +  (^T)W  (z) 


so  that  from  (4.11)  we  get 


(4.16) 


(-aT)W  (1)  2  0 
n-  i 


(n=l , 2 , . . . ) 


Now,  from  a  result  of  Fejer  (see  [28] ,  p.  92)  we  have 


. 


-  .1)  <*>n£’  exalmonxloq  U»  ,»«* 


(*X.») 
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(4.17)  Ln(P2n,1)  >  2l°g  n 

so  from  (4.15),  (4.16)  and  (4.17)  we  have  II  (P„  ,1)  >  2-tog 

n  2n  ° 

The  remainder  of  the  proof  of  Theorem  4  follows  by 
an  argument  identical  to  that  given  by  Fejer  (see  [28], 
p.  92)  for  the  Lagrange  interpolation  polynomials. 

5  .  Least  Squares  Convergence . 

Let  z,  =  e  .  we  skaii  prove  the  following. 


Theorem  5  .  Let  f  ( z )  be_  analytic  in  |  z  |  <1  and 

continuous  in  |  z  |  <_  1  .  Let  n  ( z )  be_  the  p  o  ly  nomia  1  o  f 

t  tl 

degree  3n-l  coinciding  with  f(z)  in_  the  n  roots  o f 
unity  and  with  the  2n  additional  conditions 


E(n_1) (z  ) 
n  k 

,  =  n(n> 

n 

(zk)  =  0 

(k= 

-1,2, . . • , n ) 

Then  the  sequence 

nn(z) 

converges 

to 

f  (  z  )  on 

in  the  mean  of  second  order .  Consequently 


(5.1) 


lim  II  (z)  =  f(z) 
n 

n->-°° 


uniformly  in  z |  <  r  <  1  . 


Proof .  Let 

(5.2)  I  =  /  |  f  (z)  -  nn(z)  |  2  |  dz | 

|  z  |  =1 

n 

where  n  (z )=  l  f(zk>Rk(z)  and  Rk(z)  is  aS  defined 
n  k=  1 


n  . 


■ 


9V8  3W  (VI.v)  bail  (d..*)  ,(&i  )  1  r> 


I 


( '• ) 
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in  (2.22)  ;  JL  (z)  =  — 

k.  n 


n  n 

z  - 1 


z-  z. 


Further ,  let 


A  (z)  =  f(z)  -  t  0(z)  and  E  =  max  A  (z)  where 
n  n- 2  n  i  i  '  n 

|  z  |  =1 

t  is  the  polynomial  of  degree  n-2  of  best 

Tchebycheff  approximation  to  f(z)  on  C  .  It  is  our  object 
to  show  that 


(5.3) 


llm  1=0 
n-*00  n 


Now,  let  C  denote  the  circle  |z|  =  1 


In  =  /  lf<z>  -  tn-2(z)  +  tn-2(z)  "  nn(z)l  ldz 

c 


<  2 /  |  f  (  z )  -  t  0  (  z )  |  2  I  d  z I  +  2 /  |t  9(z)  -  n  (z)  | 2  I dz 
J  ^  n-2  ^  n- 2  n 


=  I'  +  I" 
n  n 


Now 


I  ’  =  2/  |  A  (z)  |  2  |  dz  |  <  4 tt E 

n  n 


2 

n 


I"  =  2/ 
n  J  . 


I  [V2(*k>  -  f(zk)]Rk(z) 
;=  1  L 


d  z 


n  n 


'  2Jl  ^JAn(zk)An(zj)  1  ^cRk(z)  Rj(z)ldz 


n  n 


'  2(En>  * 

k=  1  j  =  l 


where 


o  J  ! 


‘  :  t  - 
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A 


j  >k 


/  JL(z)  £  .  (  z  )  |  d  z 


/  £0(z)  W ( z )  |  d  z 

C 


n  '  -  J 


z  . 


•/  (z)  W  (  z  )  |  d  z 

n  C 


ZkZ^ 


1f  | W(z) |  | dz 


n2  C 


=  A(1!  +  A(2>  +  A(3>  +  A<4> 

J  >k  J  ,k  J  ,k  J  ,k 


Since  C  denotes  the  circle  |z|  =  1  ,  we  have,  using  (2.16) 


/  £k(z)£_.  (z)  |  dz 


2ttz  z  . 

- 2 — ^  [  1  +  zk"z  +  (zkz\  )  +  ...  +  (zkz  )  ] 

J  J  J 


n 


2tt6  . 

ki 

n 


(6,  .  =  Kronecker  delta) 
k3 


\  2tT(Si  • 

Thus  A^  =  - ^L 

J  ,k  n 


.  Let 


5-  -  J  d-tn)  d-t) 


n-2 


dt  .  Then 


n  0 


2  n 

from  (2.17)  W(z)  =  A  +  B  z  +  C  z  where  for  n  =  2 , 3  ,  .  .  . 

n  n  n 


/A  =  D 
n  n 


/  (l-t)n"2dt  -  1 
.  0 


(5.4)  l  B  =  -2D  /  tn(l-t)n  2 d t  : 
\  n  nJQ 


<  4 


y  C  =  D  /  t2n(l-t)n  2 d t  <  3 
\  n  nJ 


B  <  6 
n  1 


0 


Then 


£_.  (  z  )  W  (  z 


)  =  — hz-*11"1*  +  7.z‘(n'2>  +  ...  +  (*.)n  1]w(z) 
n  J  J 


=  —[A  +  terms  in  z  (k  ^  0)] 

n  n 


Thus,  using  (5.4)  we  have 


' 


+  •••  +  1  f  5  +  |.  V  +  '  -f;  -  ■  ibi  °t  SV., 
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a(2) 

J 


—■/  £  .  (  z  )  W  (  z  )  |  d  z 
r  J 


<  ^  a  <  in 

2  n  2 
n  n 


(n=l , 2 , . . . ) 


By  an  identical  computation  we  have  A^2^  <  ■—  .  Again 

j  n  2 

using  (5.4)  we  have 


A 


(A) 

j 


z,  z  .  _ 

/  — W(z)W(z)  I  dz 


C  n 


<  —■  16  +  36  +  9)  = 
n  nZ 


Ther ef  ore 


n  n 


K  s  2(En>  I  I 
k= 1  j=l 


2  7T  6 .  . 


kj  8jt  _8tt  1 2  2  tt 

n  2  2  2 

n  n  n 


n  n 


■  2<V  I  l 

k= 1  j  =1 


2  7T  6  .  . 


k±  1 3  8tt 

n  2 

n 


=  2  80tt  ( E  ) 
n 


So,  I  =  I1  +  I"  <  4tt  ( E  )  2  +  2  80tt  (E  )  2  =  284tt(E  )2 
n  n  n  n  n  n 


From 


[32]  (Theorem  5,  p.  36)  E  0  as  n  -*  00  .  Therefore  (5.3) 


n 


holds.  By  the  Cauchy  integral  formula 


(5.5)  [f(z)  -  nn(z)]  =  2ti. 


k-  I 

TT  *1  J 


[f (t)  -  n_(t)] 


n 


t-  z 


dt 


(5.1)  easily  follows  from  (5.5).  This  proves  the  theorem. 
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